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Zusammenfassung Ein diarthrodiales Gelenk besteht aus mindestens zwei von Knor-
pel ummantelten artikulierenden Knochenoberflächen. Diese beiden Oberflächen bewegen
sich relativ zueinander und übertragen Kräfte. Entscheidend für die kinematischen Zu-
sammenhänge in solch einem Gelenk sind die Formen der beiden Oberflächen, denn diese
ermöglichen bzw. beschränken die Relativbewegung und entscheiden über die Güte der
Kraftübertragung.
Diese Abhängigkeit der Gelenkkinematik von den Formen der artikulierenden Oberflä-
chen bleibt in idealen Gelenken, die häufig in Simulationsmodellen des menschlichen Be-
wegungsapparates verwendet werden, unberücksichtigt. Mit bildgebenden Verfahren am
menschlichen Körper wurden diese Formen zwar in einer Vielzahl von Studien ermittelt,
die nachfolgende Analyse der Kraftübertragung erfolgte allerdings entweder nur in eini-
gen wenigen statischen Posen oder aber die Geometrien dienen lediglich der Ermittlung
der Relativbewegung. Es ist jedoch offensichtlich, dass die Analyse der Kraftübertragung
zwischen bewegten Objekten sowohl ihrer Geometrie als auch ihrer Bewegung bedarf.
In dieser Arbeit werden Methoden vorgestellt, mit denen die Kraft- und Bewegungsüber-
tragung zwischen komplex geformten Oberflächen in Kontakt analysiert werden kann.
Diese Methoden werden aus etablierten Vorgehensweisen aus dem Maschinenbau entwi-
ckelt: artikulierende Gelenkflächen werden als ein allgemeiner Fall technischer Gelenke
angesehen.
Messdaten aus dem lebenden Körper können nicht direkt in Verfahren zur Analyse von
technischen Gelenken verwendet werden, da die Geometrie der Gelenkflächen und ihre
Relativbewegung deutlich komplexer sind. Daher werden in dieser Arbeit zwei verschie-
dene Ansätze verfolgt: einerseits werden Methoden vorgestellt, um in-vivo gemessene
Daten aufzubereiten. Andererseits werden bekannte Verfahren aus dem Maschinenbau
generalisiert, so dass sie eine allgemeine Form von Geometrie- und Bewegungsdaten ver-
arbeiten können. Ein wichtiges Merkmal der entstehenden Werkzeugkette ist, dass diese
Geometrie- und Bewegungsdaten gleichzeitig Eingang finden.
Die Methodik wird auf Daten angewandt, die in-vivo an der menschlichen Handwurzel
gewonnen wurden.
Das Ergebnis dieser Arbeit sind Methoden zur Berechnung von Kennzahlen der Kraft-
und Bewegungsübertragung zwischen bewegten Knochenoberflächen. Diese Kennzahlen
können für gesunde ebenso wie für krankhaft veränderte Gelenke berechnet werden. So
können diese Methoden zum Verständnis der Gelenkkinematik ebenso beitragen wie zur
künftigen Verbesserung von medizinischen Eingriffen.
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Summary A diarthrodial joint occurs where two or more cartilaginous bone surfaces
adjoin and articulate: the surfaces move with respect to one another and forces are
transmitted across them. In diarthrodial joint kinematics, the shapes of the articulating
surfaces are essential because they constrain their possible relative motion and determine
the characteristics of the force transmission.
This property of diarthrodial joints is not reflected in ideal joints that are widely used in
simulation models of the musculoskeletal system. Imaging-assisted biomechanic studies
do measure the bone surface geometry, but are otherwise limited: the subsequent analysis
procedures found in the literature operate either on static postures or on the bone motion
without taking the surface geometry further into account. For the kinematic analysis of
two articulating surfaces in a diarthrodial joint, however, both measured geometry and
motion must concurrently be considered.
To this end, this thesis proposes computational methods to analyze how and where
complex-shaped articulating surfaces interact during their relative motion. These meth-
ods are inspired by mechanical engineering approaches to such issues: the articulating
surfaces are treated like mechanical components forming a joint in a moving machine.
Data measured in a living body cannot directly be fed to algorithms originally derived for
the kinematic analysis of machinery. This is because the description of the surface geom-
etry and the relative motion in a diarthrodial joint is more complex than in a man-made
technical joint. Hence, the approach in this thesis is twofold: on the one hand, meth-
ods are presented that process measured anatomical data such that kinematic analyses
become feasible. On the other hand, mechanical engineering methods are generalized
in a way that they can operate on a more complex form of surface and motion data.
One important novel aspect of the resulting methodology is that the motion and surface
geometry measured in a diarthrodial joint are analyzed together.
The developed methods are applied to in-vivo measured data of human wrist bones.
The result of the proposed methodology are key figures quantifying the surface-surface
interaction. These key figures can be computed for healthy joints as well as for joints
with a disorder or an implant. Thereby, this thesis contributes both to the understanding
of human joint kinematics and to future improvement of medical care.
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1. Introduction
1.1. Motivation
Personalized medicine was declared one of the Grand Challenges for Engineering in the
21st Century by the United States National Academy of Engineering [113]. This objec-
tive consists of many different challenges ranging, for instance, from artificial organs to
patient-tailored drugs. Achieving them requires multi-disciplinary and inter-disciplinary
research; one example of what mechanical engineers, specifically, can contribute is to
analyze how motion and forces are transmitted through the human musculoskeletal sys-
tem.
Made up by muscles, tendons, ligaments, and bones covered by cartilage, the muscu-
loskeletal system gives humans the ability to move and to conduct external forces through
the body (fig. 1.1). From a mechanical point of view, its components collaborate and
interact like engineered components in a machine.
Figure 1.1.: Two layers underneath the skin revealing some elements of the human muscu-
loskeletal system: muscles and tendons (left) and bones (right).
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Just like in moving machinery, the crucial parts of the musculoskeletal system are the
joints. A joint (in anatomy denoted articulation) is formed by two or more bones that
adjoin and move against one another. Surrounding ligaments, tendons, and muscles,
stabilize such a system and govern the relative motion between the articulating bones
[28] (fig. 1.2). Forces are transmitted through ligaments and tendons as well as across the
cartilage-cushioned bone surfaces in contact. Such a joint is referred to as diarthrodial
joint [99]. It consists of two or more surfaces that can move freely with respect to one
another. In principle, any point on one surface can come into contact with any point on
another surface. However, in a healthy joint, the ligaments restrict the relative motion of
the surface pair and allow only a certain series of consecutive surface contact situations.
Macroscopically, such a series is observed as the joint motion. Since the mechanical
elements in an articulation are shaped and positioned in accordance with one another,
the bones in a healthy joint can be moved painlessly within the physiological range of
motion. The mechanics of diarthrodial joints are under ongoing research: for example,
it is unresolved how bone surfaces exchange forces in healthy and degenerated joints [80,
115]. In some joints, it is even under discussion how exactly bones move [61, 108, 144].
A B C D
Figure 1.2.: The wrist and the knee are diarthrodial joints: view on the dorsum of the right
wrist revealing the bones (A) and the ligaments stabilizing them (B). View on the
inner side of the right knee: Femur and tibia (C) and the surrounding ligaments
(D). Figures reproduced from [142] (with permission).
Many types of injuries or diseases can affect a joint. Unphysiological external forces
may lead to a dislocation or fracture of bones and torn ligaments. Joint elements may
furthermore inflame; even tumors grow in bones [6]. Treatments reach from RICE (Rest,
Ice, Compression, Elevation) to surgical procedures such as the fusion of bones and the
placement of joint implants. When the joint structure is altered in such a way, the
effects on the joint functionality are often unclear; if an implant does not exactly fit the
patient’s body or is positioned incorrectly, it is prone to complications such as prosthetic
dislocation and loosening [99].
Towards the personalized treatment of a joint disorder, the first step is to obtain deep
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insight into the joint mechanics: it has to be analyzed how and where the parts mechan-
ically interact in the joints of a healthy human; second, key indices must be defined to
cast this physiological functionality into numbers; only then it is possible to analytically
derive, for instance, in what way a surgeon should intervene after an injury or what key
features an implant should have in order to restore the original joint functionality.
1.2. Diarthrodial joints: a computational point of view
Computer-aided engineering (CAE) has proved an important method in Biomechanics
and computational models of the musculoskeletal system have evolved in the recent
decades. The reported models followed either a finite element (FE) or a multi-body
simulation (MBS) approach.
FE models are particularly useful to analyze stress in deformable structures [50]. Hence,
such models seem the appropriate choice to investigate diarthrodial joints. However, they
feature two major drawbacks: first, a detailed FE model of an articulation can easily
contain several thousands degrees of freedom [9] and is thus computationally expensive
to evaluate. Second, FE models strongly depend on parameters that cannot be measured
in living patients, for instance the stiffness and damping of cartilage or ligaments. In
musculoskeletal analysis, FE models are hence mainly used to answer specific aspects of
articulation under specified conditions [9, 30, 48].
Using an MBS model, the kinematics of the entire musculoskeletal system can be mod-
eled with only a few degrees of freedom [41, 45, 46] (fig. 1.3). To this end, however,
ideal joints must be used to model a diarthrodial joint: the geometry of articulating
bone surfaces is not considered whatsoever because relative bone motion is restricted
by constraint equations. Typically, these equations describe rotations about one, two
or three bone-fixed axes (hinge joint, universal joint, ball-and-socket joint, respectively)
thereby approximating the macroscopic joint motion.
While ideal joints are a suitable simplification in, for instance, gait analyses [11] or studies
on human-machine interaction [128], they are clearly insufficient to investigate realistic
bone-bone interaction. Hence, one approach is to include FE models of articulating sur-
faces in an MBS model [8]. When such surfaces collide, contact forces are generated and
included in the equilibrium equations of the MBS model. Similar contact force algo-
rithms have been implemented in forward-dynamic models [57, 98]. These models yield
partially realistic bone motion and bone interaction can be analyzed for the specific indi-
vidual they represent. However, they must be tuned carefully and individually because
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Ball-and-Socket Joint
Universal Joint
Hinge Joint
Ball-and-Socket Joint
Figure 1.3.: Diarthrodial joints (left column) consist of two or more articulating bone surfaces.
In MBS models, ideal joints (right column) are often used as simplified substitutes.
This simplification allows to describe the joint motion by only a few parameters:
one scalar value is required to quantify a joint angle (indicated by an arrow). As a
drawback, the geometry of the articulating surfaces is not considered at all.
patient-specific characteristics of soft-tissues cannot be measured in living patients. This
lack of parameters forms a common drawback of FE and MBS models.
1.3. Diarthrodial joints: a kinematic point of view
Kinematics is the branch of mechanics that deals with the description and analysis of
motion. Kinematic analyses rather deal with the question how things move instead of
why they do so.
Franz Reulaux, who developed the foundations of modern kinematics in the 19th century
[74], defined a joint as a kinematic pair consisting of two elements. He divided kinematic
pairs into lower and higher pairs [130]1. Lower pairs satisfy two conditions:
• the element surfaces wrap one another,
• on the two element surfaces, coincident curves can be defined such that they remain
coincident during the joint motion.
Only the pair screw/nut satisfies these conditions, namely with curves along the screw
helix. Besides a screw with finite pitch, a revolute joint and a translational joint can be
1The English version of this reference is [129].
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regarded as screws with vanishing and infinite pitch, respectively. According to Reuleaux’
definition, the group of lower pairs consists of these three joint types. All other joints
are higher pairs2,3. Ideal joints with more than one degree of freedom (e.g. the universal
and spherical joint) can be considered compounds of several lower pair joints in a row.
In a diarthrodial joint, the ligaments exert forces on the cartilage-covered bone surfaces in
a way that these surfaces maintain contact throughout the joint motion. One higher-pair
joint that reflects this property in two dimensions is the curve-curve joint (fig. 1.4, A):
it demands that two predefined curves touch at any given time4. Obviously, the shape of
the two curves in contact affects their possible relative motion; in terms of biomechanical
modeling, this is an important advantage over the lower-pair joints incorporated in most
multi-body simulation approaches to the musculoskeletal system. The 3D extension to
the curve-curve constraint is the surface-surface constraint (fig. 1.4, B). It can be seen
from figures 1.3 and 1.4 that a surface-surface joint would resemble the bony anatomy
far better than a lower pair.
In a slowly moving kinematic model, inertia forces can be neglected and two groups
of forces remain: constraint forces and externally applied forces. They are in constant
equilibrium [120]. In a surface-surface model of a diarthrodial joint, the cartilage elasticity
is neglected and the rigid articulating surfaces are constrained to remain in contact.
This constraint represents a computational advantage: since the constraint forces and
the external forces (e.g., from ligaments) add up to zero in each contact situation, their
values need not be calculated during the kinematic analysis. Given the shape and motion
of two articulating surfaces, kinematic analyses do not directly require the modeling of
ligaments, tendons, and muscle forces. Furthermore, values for stiffness and damping
are not necessary and the computation is significantly less expensive than in FE or MBS
models.
2[130]: “Die in dieser Weise entstehenden Elementenpaare haben nicht die Eigenschaft des gegenseit-
igen Umschlusses der Elemente, welche bei den oben gefundenen drei Paaren [die Umschlusspaare
Schraube/Mutter, Drehkörperpaar, Prismenpaar; note from the author] Voraussetzung war, sondern
die allgemeinere und höhere Eigenschaft der Umhüllung. Wir wollen sie deshalb den Umschlusspaaren
gegenüber höhere Elementpaare nennen; jene werden dann wegen der geringeren Mannigfaltigkeit
ihrer Eigenschaften niedere Paare heissen.” In the English version [129], this definition of higher
pairs appears on page 116.
3Obviously, Reuleaux’ first condition concerns the shape in which a joint materializes; only the second
condition concerns the joint motion. Nevertheless, many subsequent textbooks (e.g. [74, 84, 125])
emphasize the first condition and identify a lower pair if its elements are in area contact; in higher
pairs, they are in point or in line contact. This complements the group of lower pairs by, for instance,
the cylindrical and spherical joint [74]. According to another definition [14], lower pairs are form closed
while higher pairs are force closed.
4More specifically, the curves are required to coincide at their contact point and to have a common
tangent at that point. Cast into one constraint equation, these conditions remove one degree of
freedom from a planar multi-body system (section 6.2).
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Figure 1.4.: In a 2D curve-curve joint (A), a moving curve 1 is required to maintain contact with
a fixed curve 0. A surface-surface joint (B) is its 3D extension. In biomechanics,
the 2D knee bone contours were previously modeled as a curve-curve joint (C). An
expansion to 3D articulating surfaces (D) has, however, not been reported.
The most investigated joint in the human body is the knee. Since the tibia and femur
appear to remain in one plane during flexion5, they are a straight-forward example for a
curve-curve joint (fig. 1.4, C). Several methods for the kinematic analysis of interacting
2D6 bone contours were proposed and applied to the knee bones [102, 118]. While essential
understanding of how femur and tibia interact was gained in these studies, the reported
methods are only valid for two curves in one plane. Nowadays 3D medical imaging
technology allows for the precise resolution of bony surfaces. Methods for the kinematic
analysis of 3D bone surfaces in contact (fig. 1.4, D) and efficient algorithms for their
numerical evaluation are yet to be developed.
1.4. One diarthrodial joint: the human wrist
Humans can accomplish a staggering number of tasks with their hands, from performing
a brain surgery to operating a pneumatic drill. This is because the unique structure of
the wrist provides our hand with a large range of motion and a high precision while large
forces can be transmitted.
5This is a slight simplification of reality [102].
6In this thesis, the terms planar and 2D as well as spatial and 3D are used interchangeably.
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Located at the distal end of the forearm, the wrist provides the mobility of the metacarpals
(hand bones) with respect to the radius. Macroscopically, a healthy human can rotate
their hand about two orthogonal axes, about one at a time or simultaneously (fig. 1.5).
Figure 1.5.: Physiological wrist motion. Left: Radial and ulnar deviation (pinky and thumb,
respectively, moved towards the forearm). Center: Extension and flexion (dorsum
and palm, respectively, moved towards the forearm). Right: Combined motion.
The physiological range of motion is from 60° flexion to 60° extension and 30° radial de-
viation to 50° ulnar deviation [38]. Although the macroscopic joint motion resembles the
motion in an ideal universal joint, the true hand motion is somewhat more complicated
[116]. Indeed, beyond the skin and ligaments, the wrist turns out to be one of the most
complex joints: it consists of eight small bones, the carpal bones or wrist bones (fig. 1.6,
left).
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Figure 1.6.: Left: The eight wrist bones (red) located between the forearm bones (radius and
ulna) and the five metacarpals (hand bones). Right: A state-of-the-art wrist im-
plant substituting some bones and fusing others (figure reproduced from [90], with
permission).
During the joint motion, the eight wrist bones perform spatial relative motions: they
move along and rotate about three axes with respect to one another [61, 108]. How
the wrist bones interact during this motion remains an open issue [7, 61, 115]. Up to
today, experimental studies on wrist mechanics have investigated the transmission of
motion and forces separately, based solely on measurements of either bone motion or
bone geometry.
The motion of individual wrist bones during the macroscopic joint motion was tracked
in numerous studies (an overview is provided in section 2.1), first in dead bodies (ex-
vivo) and later in living patients (in-vivo). The results were inconsistent, which has long
been attributed to the multitude of measurement techniques, their respective limitations
and the inherent drawbacks of ex-vivo studies [61]. Modern 3D medical imaging has
minimized these problems and has rendered highly accurate in-vivo studies feasible; yet,
the reported motion data remain discrepant [56, 108]. Wrist bones move differently across
patients [112] and it has been speculated that a commonly accepted model of wrist bone
motion might never be established [56].
Investigating force transmission, it was found, on the one hand, that individuals of the
same gender are able to exert a very similar level of wrist force7,8 [160]. On the other
hand, statistical analyses of the size and shape of wrist bones revealed a large variance
7Defined as the force exerted by the palm and the dorsum in the direction of flexion and extension.
8Differences appear across genders: females reach about 50% of the force that males can generate.
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across individuals of the same sex [64, 112]. Obviously, bone geometry alone cannot
explain how forces are transmitted. In fact, studying inter-bone contact solely based
on bone geometry has led researchers to the misleading conclusion that the articulating
surfaces are incongruent (chapter 5).
From a medical point of view, deeper insight into wrist mechanics is highly desirable since
the complex structure of the wrist causes a variety of possible injuries and treatments
[63, 94] and a high incidence: more than 120,000 wrist surgeries were made in Germany
in 2010 [26] and a 20% of all computer users suffer from wrist pain [123]. Fig. 1.6 (right)
shows a state-of-the-art wrist implant.
The human wrist is an example of a highly individual and injury-prone diarthrodial
joint. The wrist bones perform spatial relative motions and their functionality in terms
of motion and force transmission is still unknown. In order to gain insight into joint
kinematics, the geometry of articulating bones and their relative motion must be analyzed
together. Computational methods for these analyses must be generally valid so that
patient-tailored simulation models can straight-forwardly be implemented.
Finally, it is noted that the structure of the human wrist is actually not unique: we seem
to share it even with only distantly related animals (fig. 1.7).
Figure 1.7.: Wrists across species (from left to right): bottlenose dolphin, frog, elephant, aye-
aye. Figures reproduced from [162].
1.5. Thesis objectives
Computationally efficient models of the musculoskeletal system use ideal technical joints,
thereby ignoring the geometry of articulating bone surfaces. The objective of this thesis
is to overcome this simplification with a methodology for the kinematic analysis of such
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surfaces. More specifically, this means a methodology to determine key figures that
describe the transmission of velocity and forces across surfaces in contact in
diarthrodial joints.
Previous studies treated measured bone motion and bone geometry separately. Analysing
force and motion transmission, however, requires all data describing a moving rigid body.
This thesis aims at methods that couple the geometry of articulating surfaces and
their motion throughout the analyses.
From a classical kinematic point of view, joints that incorporate the element geometry
into the possible joint motion are higher pairs. It is desired to obtain insight into bone
kinematics by exploiting the special characteristics of this group of joints. Hence, this
thesis aims at regarding articulating surfaces as a higher-pair joint.
Key figures to quantify how well moving machine parts fit together are well-established
in mechanical engineering. These key figures must be identified and their computational
procedure must be enhanced in a way that they can be applied to arbitrarily shaped
articulating surfaces during any kind of relative motion. Hence, this thesis aims at
expanding mechanical engineering methods to biomechanics.
Gathering data in a breathing organism is much more difficult than in a machine. For
example, the motion of bones in a living body cannot be captured at an accuracy and
frequency at which moving parts in a machine are usually tracked. Therefore, such data
cannot directly be used in engineering analysis routines. This thesis aims at methods
to prepare in-vivo measured data for kinematic analyses.
To ensure their functionality, the proposed methods must be applied to real data. As a
case study, in-vivo measured data of human wrist bones are selected. From the results,
new findings on wrist kinematics are expected.
1.6. Thesis overview
Figure 1.8 shows the worksteps towards personalized orthopedic treatment as proposed in
this thesis. This treatment could, for instance, comprise the simulation-based assessment
of a planned surgical treatment or patient-tailored implants.
After imaging data are collected in several joint poses, the bone surfaces of a diarthrodial
joint are extracted (segmentation) and the poses of the joint bones in each joint posture
are calculated (registration). An overview of segmentation and registration methods
is given in chapter 2. These data are considered input for the methods proposed in
this thesis, consisting of three parts. First, articulating bone surfaces are inferred and
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Figure 1.8.: Thesis overview: Towards patient-tailored medical care.
modeled (chapter 3). Second, sparsely measured bone poses are complemented to a
quasi-continuous bone motion (chapter 4). Finally, these data are utilized in methods
to analyze the location and conditions of bone interaction (chapters 5 and 6). The
results are engineering key figures of how bone surfaces interact. The figures computed
in this thesis yield further insight into joint mechanics. The clinical application, however,
requires further statistical analyses how these figures vary across patients (e.g. healthy
and injured ones). Such analyses are not part of this thesis.
2. Anatomic Data
2.1. Measurement methods and post-processing
algorithms
The motion of individual wrist bones throughout the range of motion of the hand has
been recorded in numerous experimental studies. These studies can be divided into
two groups: experiments with dead bodies and with living patients. In the following
paragraphs, the measurement technology, protocols and post-processing algorithms are
reviewed. Comparisons of results can for instance be found in [61, 108].
2.1.1. Ex-vivo studies
Ex-vivo measurements track markers of different kinds that are rigidly attached to the
bones. Examples are metallic artifacts [87, 132, 156] or markers for optical [54, 124] or
acoustic tracking [16, 25]. The advantage of ex-vivo studies is that the bone motion is
tracked quasi-continuously and that it can be complemented by an unlimited number
of X-ray scans. This advantage is however outweighed by the deviation from reality
(living humans, that is) [61, 107]: first, the soft tissue properties, e.g. the stiffness
of ligaments and cartilage, are probably altered when the specimen is deep-frozen or
otherwise conserved until the measurement is taken. Second, the complex structure
of soft tissue around the bones is inevitably damaged when markers are attached to
the bones. Finally, during the measurement, the instrumentation interferes with the
surrounding soft tissues and the muscles remain slack. Especially in the case of the
human wrist with a very complex soft tissue structure stabilizing the carpal bones, in-
vivo studies are nowadays the favoured option.
2.1.2. In-vivo studies
The first in-vivo study of the human carpal bones was reported soon after X-rays had
been discovered: Bryce [27] published planar radiographs of wrists including his own.
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Nowadays in-vivo studies utilize 3D medical imaging: Computed tomography (CT) or
magnetic resonance imaging (MRI) yield a slice-by-slice set of gray-scale 2D images (fig.
2.1). In such an image, the intensity (gray-value) of a pixel indicates the material: air
appears black, bony material brightly and soft-tissues in shades of gray. A set of such
image is referred to as volume image.
Figure 2.1.: X-ray scan of a left human wrist [121]
High-precision CT scanners feature voxel1 sizes of 0.3x0.3x0.3 mm3 [65], MRI scanners
typically have a slightly lower resolution [67, 99]. After scans are taken in a series of
joint poses, image post-processing is performed in two steps: First, one reference pose
is chosen and triangulated bone surface models are extracted from the volume image of
this pose (segmentation and triangulation). Second, the volume image of this reference
pose is compared to the image of one other pose at a time and rigid-body transforma-
tions are calculated that describe each bone’s displacement across these two poses (bone
registration).
Numerous algorithms have been proposed for bone segmentation, triangulation and reg-
istration. Next to maximum accuracy, the objective of these algorithms is to keep the
required user interaction at a minimum. A brief overview of algorithms that were em-
ployed in studies on human carpal bones is given in the following.
Segmentation and triangulation algorithms Segmentation is the process of identifying
regions of bony material in 2D images and assigning each region to a specific bone.
The first step in all algorithms is binary thresholding of the 2D images: a pixel represents
bony material if its intensity is higher than a defined threshold. The result is a binary
image which is then further processed. Crisco et al [109] detected bone edges as 2D
contours and fitted NURBS (Non-Uniform Rational B-Spline) patches to the stack of
contours, figure 2.2.
The marching cube algorithm developed by Lorensen [95] triangulates an iso-value sur-
face. It was applied directly to the binary image [67, 111] or to its signed distance
transform [65]. Snel et al [141] proposed deformable triangulated surfaces. Starting with
1A voxel is the 3D counterpart to a pixel.
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Figure 2.2.: From volume image to bone triangulated bone surfaces, reproduced from [109]: A
bone is segmented by extracting its contour from each 2D image (A) and a stack
of contours is collected (B). A triangular mesh is then fitted to the 3D point cloud
(C). A principal system of inertia is calculated from the triangular mesh (D).
an intial polyhedron, vertices are added and faces are resampled until it sufficiently
matches the volume images. This procedure was employed in [107, 108].
The result of segmentation and triangulation is data representing the geometry of the
bone surface (fig. 2.2, D).
Bone registration algorithms Registration algorithms can be divided into voxel prop-
erty based and segmentation based algorithms [97].
Voxel property based algorithms utilize measures calculated from the image gray-values:
Goto [67] and Foumani [58] compute the cross-correlation between the gray- values of the
segmented region in the reference pose and regions in images of another pose. The best-fit
transformation maximizes the cross-correlation. Snel [140] reported an optimization in
two stages: chamfer matching and subsequent gray-value matching. Chamfer matching
operates on volume images after thresholding, edge detection and distance transformation
[75]. Subsequently, the root mean square difference of pixel intensities is minimized.
These algorithms were employed in [107, 108].
Segmentation based algorithms perform segmentation in every measured pose. The it-
erative closest point algorithm developed by Besl and McKay [17] minimizes the root
mean squared distance between points on the transformed reference surface and the
bone surface in a measured pose. This algorithm was utilized by [67, 110, 111]. Crisco
[39] proposed inertia matching: the centroid location and the principal axes of inertia
are calculated in every pose and mapped onto one another. Since the direction of these
axes is not unique, additional conditions must be imposed to reduce user interaction [34].
Inertia matching was utilized in [109]. Foumani [58] approximated a bone surface in a
reference pose as a stack of double contours: in each slice, the double contours confine
the estimated bone boundary in this pose. Across poses, the optimum transformation
maximizes the cross-correlation of the gray-values inside the double contours.
2.2. Available anatomical datasets 15
The result of bone registration are kinematic transforms that describe several poses of a
bone throughout its range of motion. A possible structure of such a transform is shown
in eq. 2.1.
Accuracy The accuracy of the segmentation and registration methods is difficult to
assess and constantly debated [67, 97, 108, 117]. The upper bound of accuracy, however,
seems to be given by the image resolution: the algorithms mentioned cannot resolve
features smaller than one voxel. Using statistical methods, this bound can be overcome
with the partial-volume technique reported by Laidlaw [91]: each voxel is treated as a
region and the signed distance between each grid point and the closest material boundary
(e.g. bone/soft tissue) is estimated by a probabilistic approach. Marai [99] utilized the
resulting distance fields in an optimization routine to track carpal bones. The error
reported in her study was 0.3 mm and 0.4°, obtained from comparison with ex-vivo data
measured with external markers.
Limitations The drawback of in-vivo studies is that the number of scans per patient is
limited. The upper bound is either imposed by the radiation exposure for patients (when
CT is used) or by the scanning time and costs (when MRI is used). It has proven useful
to scan the joint at high accuracy in only one reference pose and extract highly detailed
bone surfaces from this pose using the segmentation algorithms mentioned above. The
image resolution is reduced in subsequent scans [107–109]. Compared to ex-vivo studies,
the sample rate of in-vivo studies is nevertheless still very low: in the studies listed above,
a typical 5-10 scans were taken throughout the range of motion of the hand.
2.2. Available anatomical datasets
The first step towards a digital anatomic database available to researchers across insti-
tutions was taken in 1989 when the United States National Library of Medicine (NLM)
started the Visible Human Project [1]. Two cadavers, a male 38-year-old executed mur-
derer and an anonymous 59-year-old female, were deep-frozen and cut into thin slices.
Digitized photographs of these slices were published in 1994 (Visible Human Male) and
1995 (Visible Human Female). However, access to these data must be granted by the
NLM and can be revoked at any time.
For kinematic analyses, the data provided by the European project VAKHUM (Virtual
Animation of the Kinematics of the Human for Industrial, Educational and Research
Purposes) is superior to the Visible Human: not only is the raw data published along
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with processed data such as bone surface models and FE models in various formats. More
importantly, the anatomic data is complemented with bone motion measured by ex-vivo
electrogoniometry and in-vivo stereophotogrammetry. However, the data concerns only
the lower limb (hip, knee and ankle joint). The VAKHUM data is freely accessible and
free for academic purposes.
In 2006, a research group at Brown Medical School and the Rhode Island Hospital (Rhode
Island/USA) published a database built on CT scans of both wrists of 30 healthy individ-
uals [109]. The published dataset consists of two parts for each patient: one part contains
the surface models of the eight carpal bones and of parts of the radius, the ulna and the
five metacarpal bones; the second part contains transformation matrices describing these
bones’ displacement across measured hand poses. This dataset is therefore well-suited as
input data for kinematic analyses and is in the following referred to as Brown database;
the sets from this database are used as samples to assess the methods developed and
proposed in this thesis.
2.3. Input data to kinematic analyses
Bone surface models The surface models published in the Brown database were ob-
tained as illustrated in fig. 2.2 from 1.0 mm slice images with a resolution between
0.2x0.2 and 0.3x0.3 mm2. The triangulated surfaces are stored in ASCII files in the
OpenInventor Format. A bone surface consists of a point cloud of approximately 15,000
vertex points and a connectivity matrix yielding approximately 30,000 faces.
Figure 2.3.: Triangulated surface of lunate bone (patient 24117), obtained by NURBS fitted to
the stack of 2D bone contours.
Bone displacement data For the Brown database, bone registration was performed
using inertia matching for some patients and Marai’s probabilistic algorithm with sub-
voxel accuracy for the others. Both algorithms are described in section 2.1.2.
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From the published data, the position and orientation of a reference system attached to
bone E in pose p, with respect to a system fixed to the CT scanner can be extracted and
combined in a homogeneous transformation matrix:
CTHE,p =
CTRE,p CTdE,p
0 1
 . (2.1)
The three columns of the rotation matrix CTRE,p consist of the 3x1 unit-length vectors
that point along the axes of the bone-fixed reference system, expressed in CT coordinates:
CTRE,p =
(
CTxE,p, CTyE,p, CTzE,p
)
. (2.2)
The 3x1 vector CTdE,p is the position vector of the origin of the bone-fixed system,
expressed in CT coordinates.
Patients and Motion For this thesis, hand motions are defined as a series of measured
poses as shown in tables 2.1-2.3. Angles α and β approximate rotations: respectively,
in the frontal plane, about an axis passing through the distal end of the forearm (α < 0
extension, α > 0 flexion); and in the sagittal plane, approximately about an axis passing
through the palmar and dorsal surface of the wrist (β < 0 ulnar deviation, β > 0 radial
deviation). In the neutral pose, α = β = 0, the third metacarpal is aligned with the
longitudinal axis of the forearm.
Pose α [◦]
1 -60
2 -30
3 0
4 30
5 60
Table 2.1.: Discrete hand orientations between extension and flexion.
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Pose β [◦]
1 -40
2 -20
3 0
4 20
Table 2.2.: Discrete hand orientations between ulnar and radial deviation.
Pose α [◦] β [◦]
1 0 10
2 40 10
3 40 0
4 40 -30
5 0 -30
6 -40 -30
7 -40 0
8 -40 10
Table 2.3.: Discrete hand orientations during the combined motion.
Each motion is associated with a patient, identified in the Brown database by a 5-digit
number. Three patients were randomly chosen:
• Extension-flexion: patient 56762, female, age not reported
• Ulnar-radial deviation: patient 15259, female, age not reported
• Combined motion: patient 24117, male, 25 years.
Only right wrist are investigated in this thesis.
3. Processing bone displacement and
bone geometry
3.1. Processing of displacement data
As described in the previous chapter, an anatomic database contains the position and
orientation of a bone E in pose p measured with respect to a scanner-fixed coordinate
system CT . For convenience, these data are collected in a displacement matrix according
to eq. (2.1). However, only a small part of such a global bone pose is relevant for
kinematic analyses of an articulating pair of bones; namely the pose with respect to
the adjacent bone, which also undergoes a displacement during the measurement. The
relative pose of bone E with respect to another bone F is given by:
E,pHF,p = CTH−1E,p CTHF,p =
E,pRF,p E,pdF,p
0 1
 (3.1)
Figure 3.1, left, shows the position and orientation of the capitate (red) and the lunate
bone (blue) in the neutral pose. In the right half of the figure, the lunate is held fixed
in its neutral pose while the capitate travels through the relative poses calculated by eq.
(3.1).
Figure 3.1.: Three poses of the capitate (red) relative to the lunate (blue, patient 24117).
The methods for kinematic analysis developed in this thesis are applied to the articulation
between capitate and lunate. The capitate bone (depicted red), the largest bone in the
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human wrist, is considered its “functional keystone” [116]; it is commonly accepted [61]
that the relative motion between capitate and the the third metacarpal (central hand
bone) is negligible. Hence, the capitate motion with respect to the forearm represents
the macroscopic joint motion, often referred to as the global wrist motion.
The input for the worksteps described in the following chapters are the transformation
matrices Lun,pHCap,p, p = 1, .., P.
3.2. Processing of bone geometry data: Inferring
articulating surfaces
3.2.1. Introduction
Bone surfaces do not directly articulate in healthy joints. They are covered by cartilage
layers that absorb peak loads and provide almost frictionless contact [99]. Humans are
more aware of a lack of cartilage than of its existence: abrasive wear of cartilage leads
to painful osteoarthritis [114].
In-vivo measured information on cartilage geometry, the local cartilage thickness across
the bone surface that is, are rarely available. When CT imaging without contrast agents is
used, the cartilage is not captured; when MRI is used, it can hardly be segmented since
its image intensity strongly varies. Consequently, systems of bone surfaces recovered
from CT imaging show unrealistic gaps (fig. 3.1, right) and several algorithms have been
developed to infer the location and thickness of cartilage layers.
One approach is to select a numerical value by which the cartilage surface is offset from
the bone surface. For instance, Thoomukuntla et al [146] set this value to 1 mm for
wrist bones, Han [72] chose 0.3 and 0.5 mm for the femoral groove and the retropatellar
surface, respectively. Instead of a fixed numeric value, Fischli [57] set this offset to half the
minimum distance between two bone surfaces in one measured pose. A similar method
was used by Carrigan [30]. The shortcomings of these approaches are apparent: first, the
assumption of constant cartilage thickness is a great simplification of reality. Second,
the thickness value is either freely chosen or inferred from only one reference pose. The
latter method ensures contact between the two cartilage layers in the chosen reference
pose, but the data from all other measured poses are ignored. Hence, transformed to
another measured relative pose, the contact between the articulating surfaces is likely to
be unrealistic - the surfaces may either lose contact or collide.
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These two drawbacks were overcome with the method described by Marai [99]: in her
method, the cartilage thickness is locally inferred and information from all measured
poses are incorporated.
Contributions This chapter presents
• a refined technique to estimate the local cartilage thickness
• how triangulated articulating surfaces are obtained from the cartilage thickness
• results for articulating surfaces of the lunate and capitate in three patients.
3.2.2. Estimation of cartilage location and thickness
The work flow is as follows [99]: In each given pose p, all points on the bone surface
Ep are selected that are currently closer to their nearest neighbour on surface Fp than
a chosen proximity threshold (e.g. 2 mm). For each of these points on surface Ep, the
current Euclidean distance se,i,p to Fp is stored. After these values are computed in each
measured pose p = 1..P , the local cartilage thickness δi is set to half of the minimum
inter-bone distance across all measured poses:
δi =
1
2 minp se,i,p. (3.2)
Choosing the minimum value avoids unrealistic penetration in all measured poses and
probably throughout the entire range of motion.
An additional parameter may be incorporated to account for the cartilage elasticity.
Marai’s method was validated by comparing it to textbook knowledge on the cartilage
geometry of specific bones.
The method proposed in this thesis is similar to [99] in that the local cartilage thickness is
calculated as half of the minimum inter-surface distance across all measured poses. As an
enhancement, a more accurate distance calculation is incorporated. For each triangular
face ei whose centroid Pe,i is currently closer than 2 mm the local cartilage thickness is
calculated as follows (fig. 3.2):
• If the line along the unit-length face normal vector ne,i (emanating from Pe,i)
intersects a face on surface F, coordinates of the intersection point Ie,i are computed
and
se,i = ‖−−−−→Pe,iIe,i‖. (3.3)
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Figure 3.2.: Estimating the local distance to F for faces e1,2,3 in a 2D example: The lines
along the face normals ne1,2 intersect with faces f3 and f2 in points Ie1 and Ie2,
respectively, and hence se1,2 = ‖−−−−−−→Pe1,2Ie1,2‖. The line along ne3 does not intersect
any face of F and f1 is identified as the face with minimum distance to this line.
Hence, se3 =
−−−−→
Pe3Pf1•ne3.
Hippmann [77] reports an efficient method to determine whether an intersection
point Ie,i exists for a given face ei and its normal ne,i and, if so, to calculate its
coordinates: by projecting the vertices of F onto ei, face fk is identified and se,i is
calculated from the Hesse normal form of plane ei:
se,i = ‖−−−−→Pe,iIe,i‖ =
−−−−→
Pe,iPf,k • nf,k
ne,i•nf,k
. (3.4)
• If an intersection does not exist, we define fk as that face on F whose centroid is
closest to the face normal ray of ei. Length se,i is the magnitude of the projection
of vector −−−−→Pe,iPf,k onto ne,i:
se,i =
−−−−→
Pe,iPf,k•ne,i. (3.5)
The distance of a face fj to the surface normal line of face ei is
vij = ‖−−−−→Pe,iPf,j‖ · sin(ϕ) = ‖−−−−→Pe,iPf,j‖ ·
‖ne,i ×
−−−−→
Pe,iPf,j‖
‖−−−−→Pe,iPf,j‖
=
= ‖ne,i ×
−−−−→
Pe,iPf,j‖ (3.6)
and fk is the face that minimizes this value:
vik = min
j
vij. (3.7)
This procedure is summarized in algorithm 1 in appendix A. Surface elasticity is ne-
glected.
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3.2.3. Triangulation
Having computed the locally inferred cartilage thickness values δi, triangulated articu-
lating surfaces are created in three steps (fig. 3.3):
• Coordinates of a point cloud ci are calculated. Each point on the bony surface is
moved outwards by the local cartilage thickness along its normal vector:
ci = pe,i + δi · ne,i = (xC,i, yC,i, zC,i)T (3.8)
where pe,i denotes the position vector of a point Pe,i.
For the following triangulation and smoothing, a unique relationship z˜C,i = F (x˜C,i, y˜C,i)
is required. Hence, the point cloud is divided into several sections and each section
is rotated in a way that each ray along the z-axis intersects with the point cloud
only once.
• Delaunay triangulation is performed on the points x˜C,i, y˜C,i, z˜C,i in each section.
• The triangulated surfaces are rotated back and conjoined. Finally, they are smoothed
using a fast and robust algorithm [18, 60].
Figure 3.3.: An articulated surface is created in three steps: A point cloud is generated by
moving the bone surface outwards. This point cloud is separated into several
sections (A), triangulating each section (B), conjoining and smoothing all sections
(C). A lunate bone with its articulating surface (D).
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3.2.4. Results: Triangulated articulating wrist bone surfaces
Figure 3.4 shows the capitate and lunate bone (patient 24117) with their articulating
surfaces. Each triangulated articulating surface consists of about 5,000 vertices and
10,000 faces.
Figure 3.4.: Articulating surfaces of capitate (red) and lunate (blue). The bones are drawn
displaced in the left figure and in their correct relative pose (neutral wrist pose) in
the right one.
Ideally, the algorithm described yields articulating surfaces that maintain point or line
contact in each measured pose. Due to the smoothing, this is, however, not the case in
reality. The articulating surfaces lose contact in some measured poses; in others, they
penetrate slightly (fig. 3.5).
Table 3.1 shows the surface distances in the measured poses. The surface distance is
equal to the maximum penetration depth if two surfaces collide. Otherwise, it is equal to
the shortest distance between the two surfaces. In the former case, the surface distance
values are defined positive; in the latter they are negative. The minimum distance
between separated surfaces was computed using kd-trees (appendix A); the algorithm to
compute the penetration depth is described in section 4.2.
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Figure 3.5.: Contact between articulating surfaces in a measured relative pose. The collision
zone is surrounded by yellow polylines. The collision algorithm is described in
section 4.2.
Pose Patient 56762 Patient 15259 Patient 24117
Extension-Flexion Radial-Ulnar Combined motion
1 0.16 -0.09 0.14
2 0.21 0.20 0.21
3 0.17 0.33 -0.21
4 -0.20 0.35 0.37
5 0.08 N/A -0.10
6 N/A N/A -0.10
7 N/A N/A 0.24
8 N/A N/A 0.22
Table 3.1.: Articulating surface distances [mm] in measured poses. Positive values are the
penetration depth, negative values are the minimum distance between separated
surfaces.
3.2.5. Discussion
Triangulated articulating surfaces were generated from data on bone geometry and bone
motion. These surfaces cover the measured bony surfaces substituting the cartilage that
cushions the bones in reality. The local distance between a measured bone surface and its
articulating surface was obtained with a refined version of a previously reported cartilage
estimation algorithm [99].
After smoothing, the triangulated surface do not maintain perfect point or line contact.
However, the bones do not lift off further that 0.21 mm (lowest value in table 3.1) and
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the maximum penetration depth is 0.37 mm (highest value). Both values are well below
the slice thickness of the original CT scans (1.0 mm).
Simplifying reality, the surface elasticity was neglected during the estimation of the local
cartilage thickness. The reason is that the articulating surfaces serve as input for subse-
quent kinematic analysis. As counterparts in a higher-pair joint, they are defined rigid
in these analyses. Due to the computational power available today, this simplification
is made in all MBS approaches to diarthrodial joints [57, 98, 139, 146]. Regarding the
results to be obtained for wrist bones in the following chapters, it was reasoned [139]
that cartilage elasticity plays only a minor role in carpal kinematics.
4. Optimization-based reconstruction
of bone motion between sparsely
measured poses
4.1. Introduction
Reconstructing measured motion is a core issue in biomechanics. On a macroscopic
level, motion data is usually captured by tracking the 3D position of markers attached
to the skin of humans or animals [29, 93]. Such data are for instance utilized as input
for kinematic analysis [151, 161], inverse-dynamic calculation [53, 127], and for the ver-
ification of forward-dynamic simulation [10, 11]. Besides the position of a marker, its
velocity and acceleration are important. For instance, velocity is needed for kinematic
(differential-geometric) analyses and accelerations appear in the equilibrium equations
of inverse dynamics. With state-of-the-art optic tracking devices featuring a sample fre-
quency of up to 1000 Hz, velocity and acceleration can easily be computed by numerical
differentiation.
Beyond the skin, bone interaction can be made visible using medical imaging, such as
CT or MRI: joints are scanned in static postures and the bone surfaces are extracted
with the methods listed in section 2.1. For further analyses, e.g. on the conditions of
force and motion transmission across articulating surfaces, the relative surface velocity is
needed. This is because such conditions are instantaneous and may change continuously.
However, because of the radiation exposure (when CT is used) and imaging costs (when
MRI is used), the bone surfaces can only be scanned in few joint postures, thereby
rendering direct differentiation of the bone position data impossible: before bone velocity
and acceleration can be calculated, quasi-continuous bone position and orientation must
be synthesized between the sparsely measured poses. These in-between poses must be
realistic in two aspects: first, articulating bone surfaces must remain in contact between
the measured poses; second, the resulting relative bone trajectory must be sufficiently
smooth.
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Computationally, quantifying contact between complex geometric structures is a de-
manding task, yet efficient solutions have been proposed: Given two complex-shaped
triangulated surfaces, either their shortest distance or a measure for penetration can
be calculated with algorithms developed for virtual reality [158], computer games [51]
and CAE [77]. Such algorithms are useful to quickly assess how realistic an in-between
relative bone pose is: throughout their range of motion, articulating bone surface must
neither lose contact nor penetrate.
Smoothly interpolating between consecutive rigid-body poses is a frequently encountered
problem, e.g. in robotics [143], computer aided geometry [55] and animation [51]. Each
application places specific demands: robots and other moving machinery require trajec-
tories as smooth as possible to minimize vibrations and energy consumption [49, 150];
applications in computer geometry and animation accept a lower level of smoothness
(differentiability, that is) in exchange for real-time computation. The most frequent
approach in either field starts by selecting a reference coordinate system attached to
the moving body as illustrated in fig. 4.1. The position and orientation of this refer-
ence frame, relative to a selected world-fixed system, are then interpolated separately by
parametric spline functions. While the spline parameters provide a convenient handle
to establish a desired (e.g. collision-free) relative motion, this method is affected by two
specific flaws:
• Position and orientation are uncoupled. Two curves, one in translational and
one in rotational space are described by functions independent from one another:
altering the parameters in one function, e.g. to avoid collision as in fig. 4.3, does
not affect the other one. This might lead to unnatural motion: for instance, to
an undulated position curve while the no such undulations occur in the rotation
curve.
• The in-between poses depend on the chosen body-fixed coordinate sys-
tem. This choice is left to the human user. When moving a robot, choosing its
end-effector frame seems reasonable. In biomechanics, a principal system of inertia
of a bone is an intuitive, yet arbitrary choice – especially because assigning axis
indices (x,y,z) to the principal axes is not unique [34] and the chosen body-fixed
orientation can affect the interpolation result as shown in section 4.3.1.
The concept of screw displacement (or helical displacement) is a very natural way to pa-
rameterize rigid-body displacement (fig. 4.2). Since the screw parameters are invariants
of the rigid-body displacement [23] they are independent of chosen coordinate systems.
For this reason, they were frequently employed to analyze measured bone motion, e.g. to
quantify the difference in bone poses across patients [58, 82, 155] or to analyze the joint
functionality [111, 122]. Synthesizing motion by interpolating measured bone poses can
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be considered inverse to such analyses. Closely related to screw displacement parameters,
dual quaternions are an appropriate tool to interpolate rigid-body motion independent
of coordinate systems, as will be shown later. Dual quaternions have, however, not been
used in this context. Furthermore, parametric polynomial splines in dual quaternion
space were not reported.
Bone velocity is a necessary input for kinematic analyses. Since the sample rate of in-vivo
protocols is very low, sparsely measured bone poses must be interpolated before velocity
can be calculated. A parametric spline function should interpolate bone poses without
separating translational from rotational motion and should be independent of chosen
coordinate systems. The optimal set of spline parameters provide bone trajectories in a
way that the articulating surfaces maintain contact throughout their relative motion.
Contributions This chapter presents
• a novel method to interpolate rigid-body poses, that
– treats translational and rotational rigid-body displacement in a unified manner
– incorporates parameters to modify the rigid-body trajectory in a straight-
forward way
– is independent of chosen coordinate systems
• the combination of a state-of-the-art collision detection algorithm and an interpo-
lation technique in an efficient genetic optimization algorithm
• reconstructed bone motion (capitate with respect to the lunate) in three patients.
The chapter is divided into four sections: first, the functionality and implementation of an
efficient collision detection algorithm is explained (section 4.2). Next, cubic polynomial
splines in dual quaternion space are derived from their counterparts in Cartesian and
quaternion space (section 4.3). Third, a tailor-made genetic algorithm is proposed to
find the optimal set of spline parameters (section 4.4) and, finally, results in terms of
reconstructed wrist bone motion are presented (section 4.5).
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Figure 4.1.: Two rigid-body poses with reference frames A and B: The homogeneous trans-
formation matrices A1HA2 and B1HB2 differ in every non-trivial element although
they describe the same rigid-body displacement. Consequently, interpolating be-
tween systems A and B produces different in-between rigid-body poses as shown
in section 4.3.1. The parameters s, s0, θ and d constitute a screw displacement
(screw axis drawn broken blue). This screw displacement is invariant no matter
what reference system it is calculated from.
s0
s
d
θ
Figure 4.2.: A screw displacement of a coordinate system consists of a rotation of angle θ about
the screw axis (direction s and location s0) and a translational displacement d along
s. The rotation and the translation can occur in both orders or simultaneously.
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Figure 4.3.: Collision of two articulating bone surfaces (left) can either be resolved by solely
altering the position (upper right); by solely changing bone orientation (center
right); or by simultaneously altering position and orientation (lower right).
4.2. Collision detection
Collision detection is necessary to quantify the contact between articulating surfaces.
Computing if and where two such surfaces intersect is a demanding task because of
their non-convex geometry1. Non-convexity implies that an instantaneous surface-surface
contact may feature multiple contact patches and each of this patches may have multiple
borders as illustrated in fig. 3.5. Hence, an efficient and sufficiently precise general-case
algorithm is needed.
Collision detection algorithms can be subdivided into test intersection algorithms and
find intersection algorithms: the former returns whether or not two given objects in
space collide; the latter additionally returns the set of intersection (e.g. contact area or
volume).
Usually, the objective behind a find intersection algorithm is to calculate contact forces,
for instance to include them in the equations of motion or for output as haptic feed-
back. Contact forces arise in FE models when a surface deforms in order to ensure
impenetrability with another surface [50]. In MBS, forces are usually computed from the
penetration of undeformed surfaces, e.g. from the penetration volume, its rate of change,
1A 2D or 3D body is convex if it contains all line segments between every pair of points on its surface.
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or the relative displacement and velocity of designated points on its surface [81, 96, 148].
For both approaches, models and parameters to describe the elasticity of the colliding
bodies are necessary.
As highlighted in section 1.3, kinematic analyses are independent of such parameters;
the articulating surfaces are considered rigid. Instead of a force, a suitable measure for
the contact of rigid surfaces is the surface distance introduced in section 3.1. For two
colliding surfaces, the surface distance is their penetration depth, which is a result of a
MBS find intersection algorithm. In the following two sections, the functionality of an
algorithm published by Hippmann [77] is outlined2. Its functionality can be divided into
two parts: the elementary operation of calculating triangle-triangle intersection (section
4.2.1) and hierarchical binary bounding volume trees (section 4.2.2).
4.2.1. The elementary operation
The functionality of the elementary triangle-triangle operation is best illustrated by the
method of separating axis [51]. This method is built on the fact that two convex sets of
points e and f (representing objects in space) do not collide if a line can be found such
that their projection intervals Ie, If do not intersect (fig. 4.4).
y
x
Ie
If
r
e
f
Figure 4.4.: The line along vector r is a separating axis because the projections Ie and If do not
overlap. Any translation of this axis is a separating axis, too: only the direction
vector is relevant. In 3D, the separating line is still a line, not a plane.
The position of this line is not relevant; in order to state that the two sets do not collide,
it is sufficient to find one direction vector r that satisfies [51]:
λe,min(r) > λf,max(r) ∨ λe,max(r) < λf,min(r) (4.1)
where λk,min/max denote the borders of the intervals Ik obtained by projecting all position
vectors of the body surface de,i, df,i onto the direction r:
Ik = [λk,min(r), λk,max(r)] =
[
min
i
{r • dk,i} ,max
i
{r • dk,i}
]
, k = e, f (4.2)
2This algorithms forms the foundation of a commercially available MBS contact solver [134].
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This condition is valid both in 2D and 3D. However, it cannot be applied to the bone
surfaces directly for two reasons: first, this method fails for non-convex objects (such as
bone surfaces); second, for two complex-shaped objects (like, for instance, in fig. 4.4),
there are infinitely many possibly vectors r: each must be tested to finally state whether
the objects collide.
Both limitations are overcome when the articulating surfaces consists of triangles: tri-
angles are inherently convex and any given pair of triangles has a finite set of possible
separation directions [51]. If the projections of the triangle vertices onto any direction
vector of this set satisfy condition (4.1), the triangles do not collide. If none of the vectors
in the set is a separating direction, they collide.
Based on the method of separating axis, Moeller [105] developed an efficient triangle-
triangle test intersection algorithm. This algorithm can easily be expanded to a find
intersection algorithm [77]: it returns the coordinates of the line segment that two col-
liding triangles have in common. With this algorithm, each triangle e on one surface E
can be tested against each triangle f on another surface F . If the two surfaces are in
contact, the algorithm generates one or several polylines surrounding the collision zones.
While this brute force algorithm is able to precisely identify the collision zones between
arbitrarily shaped triangulated surfaces, testing every possible triangle-triangle combi-
nation is not efficient: the computational effort scales quadratically with the number of
triangles (all-pairs weakness).
A sample collision between the articular surfaces of a lunate (8,872 triangular faces) and a
capitate (10,480 faces) is shown in fig. 3.5. Calculating coordinates of the shown polyline
from 9.3·107 elementary triangle-triangle operations took 6.0 hours3. The need for speed-
up is apparent: therefore, hierarchical binary bounding volume trees are described in the
next section. They allow to exclude those triangles that definitely do not collide from
the elementary operation.
4.2.2. Hierarchical binary bounding box trees (HBBBTs)
Subsets of triangles on two interacting surfaces can be excluded from the triangle-triangle
find intersection algorithm if a test intersection procedure on their convex hulls returns
false. In this thesis, cuboids were chosen as convex hulls, further referred to as bounding
boxes. The key idea of HBBBTs is to hierarchically organize these bounding boxes in
a binary tree. Each node in this tree corresponds to a subset of triangles (and their
corresponding bounding box) and has exactly two children, unless it is a leaf node:
these, by definition, contain only one triangle and have no children (fig 4.5).
3Implementation in Matlab R2013a on Windows Server 2008 R2, 3.4 GHz, 16 GB RAM
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One HBBBT is generated offline for each surface in the following way: The root bounding
box (k=0) encloses all triangles of a surface. Generally, the triangles associated with the
two child nodes on the next level k+1 are found by dividing the set of triangles of a node
on level k into roughly two halves. The recursion stops after a leaf node is generated.
The articulating surface of the lunate (patient 24117) depicted in fig. 4.6 consists of
8,872 triangular faces. The HBBBT of this surface has depth 18.
At run-time, two HBBBTs are checked for collision with a recursive test intersection
procedure from root to leaves. The procedure starts by testing intersection of the two
root bounding boxes: if they do not intersect, the two surfaces cannot collide and the
algorithm stops; if they do intersect, the two bounding boxes of the next level on one
surface are tested against each of the bounding boxes on the next level of the other
surface. In this recursive manner, the levels of the trees are tested against each other.
The recursion stops if a bounding box on one level does not collide with any bounding
box of the other surface. In this case, all nodes below this level are not considered at all.
If this is not the case and the lowest level is reached, the algorithms stores one or several
pairs of colliding leaf bounding boxes.
When investigating the relative motion of two articulating bone surfaces, one surface
is considered fixed and its bounding boxes remain stationary. Accordingly, only the
vertex coordinates of the bounding boxes on the moving surface are recalculated in each
time step such that their faces are parallel to those of the bounding boxes on the fixed
surface. For two aligned bounding boxes the test intersection procedure is particularly
simple using separating axis: the set of possible separation directions merely consists of
the three face edge vectors [51].
The recursive algorithms to generate a HBBBT and to test collision of two HBBBTs
are well described by Hippmann [77]. Hierarchically ordered bounding volume trees were
reported by Zachmann [157, 158] and Gottschalk [68].
The result of the HBBBT test intersection procedure is a set of pairs of colliding leaf
bounding boxes. The elementary triangle-triangle find intersection operation is then
carried out only for these pairs.
Table 4.1 shows the time4 consumed to calculate the sample contact shown in fig. 3.5
using the brute force algorithm and HBBBTs. The articulating lunate surface consists of
8,872 triangles, the one of the capitate of 10,480 triangles. Instead of 9.3 ·107 calls to the
elementary triangle-triangle procedure (as with the brute force algorithm), only 10,319
calls are necessary to check the pairs of colliding leaf bounding boxes identified in the
HBBBT intersection. Building the HBBBTs took an additional 13.4 seconds (lunate)
4Implementation in Matlab R2013a on Windows Server 2008 R2, 3.4 GHz, 16 GB RAM
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k=0
k=1
k=2
k=3
Figure 4.5.: 2D example of a hierarchical bounding volume tree for five triangular faces. The
tree has depth 4. Three leaf nodes are on level 2, two leaf nodes are on the lowest
level. The bounding box for each node is drawn broken.
Figure 4.6.: Triangulated articulating surface of the lunate and bounding boxes for subsets of
triangles on some levels of its HBBBT. The bounding boxes on each level are drawn
broken.
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and 17.4 seconds (capitate). The resulting polylines surrounding the collision patch are
identical in either run.
Procedure Time Time Procedure
0.48 sec align boxes
1.5 sec find colliding leaf boxes
9.3 · 107 elementary op’s 6.0 hrs 2.2 sec 10,319 elementary op’s
Table 4.1.: Calculation time benchmark for the contact in fig. 3.5: brute force (left) and the
elementary operation preceded by HBBBT intersection (right).
4.3. Key frame interpolation with parametric cubic
polynomial splines in dual quaternion space
The term key frame interpolation is used in computer animation: the key frames (im-
ages) of a transforming object and the associated timesteps are created before in-between
frames are interpolated. The resulting quasi-continuous sequence yields a smoothly trans-
forming object passing through the key states at key timesteps. In the following, mea-
sured bone poses will hence be referred to as key poses.
Splines are series of adjoining curves. Spline interpolation patterns can be classified
according to their global continuity5 Cn, which is limited by the differentiability in key
time steps, where curve segments adjoin (fig. 4.7).
Linear interpolation between a series of key poses yields the lowest order of continuity
C0. Regarded as the trajectory of a moving point, C0 interpolation does not resem-
ble natural motion. Hence, higher-order interpolation schemes, such as higher-order
polynomial splines [55] or B-splines [22] (fig. 4.7), are well-established for the 3D case.
Interpolating rigid-body key poses with 3D techniques, however, requires that rigid-body
displacement is separated into translational and rotational displacement: described by
three parameters each, they can be interpolated independent from one another.
The drawbacks of this frequently chosen approach become obvious even with linear in-
terpolation. Therefore, the following sections first deal with linear interpolation between
two key poses before parametric polynomial C1 curves are derived to interpolate a series
5A function is said to be of class Cn if all its derivatives up to order n exist and are continuous [66]. For
the sake of brevity, a curve is denoted, for example, “C2 continuous” or simply “C2” if its curvature
is globally continuous.
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of key poses. The dimension of both linear and cubic interpolation is gradually increased
from 3D Cartesian space over 4D quaternion space to 8D dual quaternion space6.
Figure 4.7.: 2D example of spline interpolation between five key poses (shown as circles). C0
linear interpolation (dashed), C1 cubic polynomial interpolation (Catmull-Rom
spline, defined in section 4.3.2, black solid) and a C2 B-spline (grey solid).
4.3.1. Linear interpolation in 3D, 4D and 8D
Linear interpolation is reasonable for interpolating a set of only two key poses. As a
numeric example, a simple rigid-body displacement is considered (fig 4.8): Between key
poses 1 and 2, coordinate system A is moved along vector (2,−2,−6)T followed by a
rotation of 90◦ about the translated zA-axis.
Linear interpolation of position (3D)
The elements of a 3x1 position vector are independent since they point along the orthog-
onal axes of a Cartesian coordinate system. If the vectors 0dA,1/2 describe the position
of a moving coordinate system A in key poses 1 and 2 with respect to another sys-
tem 0 (considered fixed), in-between position vectors d(t) can be calculated by linearly
interpolating each of the key position vector elements:
d(t) = lin
(
0dA,1, 0dA,2; t
)
= 0dA,1 · (1− t) + 0dA,2 · t, 0 ≤ t ≤ 1. (4.3)
6As shown later, the four elements of a quaternion and the eight elements of a dual quaternion are
not independent, respectively. Hence, the terms 4D and 8D are not to be understood as strict
expansions of the 3D Cartesian space. Rather, these terms are used in this thesis to briefly refer to
the quaternion and dual quaternion space, respectively.
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Figure 4.8.: Two key poses of a rigid-body displacement.
The rotation axis of a pure translation is at infinity [101]. Therefore, interpolating the
coordinates of two chosen points A and B yield identical in-between rigid-body poses
(appendix D.1): interpolating a pure rigid-body translation is independent of chosen
coordinate systems. Differentiation of eq. (4.3) shows furthermore that the velocity
vector is constant during linear interpolation.
Linear interpolation of orientation (Euler angles, 3D)
The orientation of a moving frame A with respect to another frame 0 is uniquely described
by the 3x3 rotation matrix 0RA defined in eq. (2.2).
The constraints to this matrix are7:
• its rows and columns must consist of mutually perpendicular unit vectors, expressed
by the orthogonality condition RRT = E
• its determinant must equal one.
Due to these constraints, the elements of the rotation matrix elements are not inde-
pendent. Linear interpolation of each matrix element, as performed on the independent
elements of the position vector, will hence produce in-between matrices that violate these
constraints.
7The physical explanation of these requirements is that the rotating coordinate frame “does not change
size, shape nor ‘handedness’” [137].
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Linear interpolation becomes feasible with Euler angles, the most frequent choice to
parameterize orientation [143, 147]: the key rotation matrices are decomposed into two
3x1 vectors of key rotation angles according to one of twelve possible conventions. Each
convention is related to a certain sequence in which rotations are performed about specific
axes8.
Geometrically, Euler angles represent rotations about non-orthogonal axes and this leads
to two significant flaws during interpolation: first, one rotational degree of freedom is
lost when two rotation axes align. This effect is known as gimbal lock in computer an-
imation and wrist flip in robotics: When the interpolated Euler angles approach such
a singularity, sudden changes in orientation occur. Second, the angular velocity vector
ω is defined along orthogonal axes. Thus, ω is a non-linear function of the Euler an-
gles and their first-order derivatives [147] and cannot directly be controlled during the
interpolation. Both drawbacks mentioned may lead to unrealistic accelerations during
the interpolation. Yet another drawback is that interpolating Euler angles leads to non-
unique in-between poses: first, the chosen rotation sequence influences the interpolation
result [152]. Second, even after one sequence is selected, the orientation of the moving
reference frame affects the interpolation result. Besides the key poses 1 and 2, fig. 4.9
shows two in-between rigid-body poses halfway between the keys: One was obtained by
linearly interpolating the position vector A,1dA,2, and the Euler angles computed from
A,1RA,2 and the other one using B,1dB,2 and B,1RB,2.
Linear interpolation of orientation (Quaternions, 4D)
Discovered by Hamilton [71], quaternions are four-tuples. Mathematically, they are an
expansion of complex numbers [20] requiring a particular multiplication rule (appendix
B).
In geometry, a complex number describes the rotation of a vector in 2D; expanding this
principle, a quaternion can be used to describe the rotation of a vector in 3D. Since
such a rotational displacement has got three degrees of freedom, the four elements of
the corresponding quaternion q are not independent. They must satisfy the unit-length
constraint:
q•q = 1. (4.4)
8Some references distinguish, for example, between Euler angles, Cardan angles and roll-pitch-yaw
angles. In this thesis Euler angles is used as a general term describing any three-tuple of angles
associated with the orientation of a coordinate system.
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Figure 4.9.: Linear interpolation between position vectors and Euler angles: Interpolating
A1HA2 and B1HB2 do not produce the same in-between pose at t = 0.5.
In multi-body simulation, the elements of a quaternion9 are referred to as Euler param-
eters [120, 135].
When the rotation matrix 0RA is converted to a quaternion 0qA (algorithm provided in
appendix B), it can be considered a scalar and a vector part that add element-wise:
0qA =
w
v
 =
 cos θ2
0u sin θ2
 = cos θ2 + 0u sin θ2 (4.5)
The geometric explanation is that a rotation about axis u (passing through the common
origin of 0 and A) and angle θ rotates frame 0 into A. This is a straight-forward im-
plementation of Euler’s theorem according to which a finite rotational displacement can
always be expressed as a single rotation about a fixed axis [147].
Linear interpolation between two key quaternions 0qA,1, 0qA,2 is performed by slerp
(spherical linear interpolation), which was derived from 4D geometry by Davis [137]:
slerp(0qA,1, 0qA,2; t) =
sin (1− t)θ
sin θ ·
0qA,1 +
sin tθ
sin θ ·
0qA,2
cos θ = 0qA,1•0qA,2, 0 ≤ t ≤ 1 (4.6)
9In the following, it is exclusively dealt with unit-length quaternions. They are simply referred to as
quaternions.
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In key orientation interpolation, quaternions offer several advantages over Euler angles:
they are free of singularities and they can uniquely be related to key orientations. Using
slerp, in-between quaternions lie on the shortest path between the two key quaternions,
which is the great arc on the 4D unit-length hypersphere [137]. The angular velocity
remains constant during slerp, as shown in appendix C. Hence, they were reported to
produce less undulated motion than interpolated Euler angles [152].
Since they are 4D entities, quaternions are difficult to visualize [40, 73]. Fig. 4.10 shows
the trace of a unit vector along the local y-axis during the interpolation between pose
1 (larger sphere) and 2 (smaller sphere). The absolute position of these spheres on the
unit sphere are not physically meaningful - the plots are only useful to visualize the basic
properties of slerp and the continuity of a rotational motion (as in fig. 4.18).
Figure 4.10.: Visualization of spherical linear interpolation as a great arc on the unit sphere.
Figure 4.11.: Linear interpolation between position vectors and slerp interpolation of key
quaternions generates parallel yet displaced in-between poses.
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Another important advantage is that slerp is independent of the orientation of the chosen
reference systems: in fig. 4.11 the in-between rigid-body orientations generated by slerp
between 0qA,1, 0qA,2 and 0qB,1, 0qB,2, respectively, are identical, unlike the orientations
created by Euler angle interpolation (fig. 4.9). This is because the rotation axis u of
a rigid-body rotation is unambiguous. A proof that slerp is generally independent of
coordinate systems is provided in appendix D.2.
However, it is obvious in fig. 4.11 that the resulting in-between rigid-body poses still
depend on the position of the chosen reference frame on the moving body.
Finally, an alternate expression of slerp is derived. It is based on the fact that, as a conse-
quence of their relationship to complex numbers, quaternions satisfy Euler’s identity [52]:
q = cos θ2 + u sin
θ
2 = e
u θ2 (4.7)
Since q = elog(q), it directly follows that
log(q) = uθ2 (4.8)
and
qt = et log(q) = eu tθ2 = cos tθ2 + u sin
tθ
2 . (4.9)
Using this rule, results identical to eq. (4.6) can be obtained by [137]:
slerp(0qA,1, 0qA,2; t) = 0qA,1
(
0q−1A,1 0qA,2
)t
, 0 ≤ t ≤ 1. (4.10)
The geometric intuition of this formula is straight-forward: The term 0q−1A,1 0qA,2 gives
the angular displacement u1→2, θ1→2 between the two key poses. As it can be seen from
eq. (4.9), raising this expression to the power of t leaves the rotation axis constant and
linearly increases the rotation angle θ(t) = t · θ1→2 about this axis, travelling on a great
arc between 0qA,1 and 0qA,2. The strong coherence to Euler’s theorem and the common
properties with linear interpolation in the 3D case are obvious: both interpolate along
the shortest path with constant velocity and are independent of reference frames.
Linear interpolation of position and orientation (8D)
Discovered by Clifford [33] and further developed by Study [145], dual quaternions have
become well-established in theoretical kinematics [20, 23]. Nevertheless, their application,
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for example in robotics [42], computer animation [83], and biomechanics [126] is still
somewhat rarely reported.
Dual numbers are similar to complex numbers in that they extend real numbers by
another element10. With the dual element , a dual number is given by
zˆ = Re(zˆ) + Du(zˆ), 2 = 0, (4.11)
and, similarly, a dual quaternion is
qˆ = Re(qˆ) + Du(qˆ) (4.12)
All rules of quaternion algebra (appendix B) apply to dual quaternions.
Similar to ordinary quaternions, dual quaternions must be unit-length in order to describe
a rigid-body displacement. For dual quaternions, the unit-length condition
qˆ•qˆ = 1 = 1 + 0, (4.13)
splits up into two conditions, constraining the eight elements of a dual quaternion to the
six rigid-body degrees of freedom:
Re(qˆ)•Re(qˆ) = 1, Re(qˆ)•Du(qˆ) = 0. (4.14)
A homogeneous transformation matrix H describes a translation along a vector d and a
subsequent rotation about an angle θ and an axis along u passing through the translated
origin. The corresponding unit-length dual quaternion is:
qˆ = qˆT qˆR =
 1
1
2d
 cos θ2
u sin θ2
 = qˆR + 2
 −d•u sin θ2
d cos θ2 + (d× u) sin θ2
 . (4.15)
Hence, the real part of a dual quaternion is simply the ordinary quaternion of rotation
u, θ and the first condition (4.14) is in fact identical with (4.4).
Dual quaternions are closely related to the concept of screw displacement: A screw dis-
placement consists of two vectors describing the srew axis in space (unit-length vector s is
the direction of the axis and s0 the position vector of one point on the axis), one rotation
angle θ about this axis and one translational distance d along it [13]. It is straight-
forward to compute the values of these parameters, for instance from a homogeneous
transformation matrix [147]. Doing so, the important advantage of the screw displace-
ment parameters over a homogeneous transformation matrix becomes obvious: the screw
10Both complex numbers and dual numbers are generalized complex numbers [79].
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parameters are invariant, whatever coordinate system is chosen to calculate them. For
example, A,1HA,2 and B,1HB,2 in fig. 4.8 lead to the same screw axis in space, which is
the broken blue line in that figure. Homogeneous transformation matrices describe the
displacement between key poses of coordinate systems; screw parameters describe the
displacement between key poses of a rigid body.
The dual quaternion for given screw parameters of a displacement can be written as a
function of the dual angle θˆ and the dual vector sˆ [42]:
qˆ =
 cos θˆ2
sˆ sin θˆ2
 = cos θˆ2 +
0
sˆ
 sin θˆ2 , θˆ = θ + d, sˆ = s +  (s0 × s) , (4.16)
cos θˆ2 = cos
θ
2 − 
d
2 sin
θ
2 , sin
θˆ
2 = sin
θ
2 + 
d
2 cos
θ
2 . (4.17)
The six elements of sˆ are the normalized Plücker coordinates of the screw axis. Inserting
eq. (4.16) in the Taylor expansion of the exponential function reveals that Euler’s identity
holds true in dual quaternion space [76]:
qˆ = cos θˆ2 + sˆ sin
θˆ
2 = e
sˆ θˆ2 (4.18)
and it follows that, as with ordinary quaternions,
log(qˆ) = sˆ θˆ2 , qˆ
t = et log(qˆ) = esˆ tθˆ2 = cos tθˆ2 + sˆ sin
tθˆ
2 . (4.19)
With the latter equation, screw linear interpolation sclerp can be defined in analogy to
eq. (4.10) [83]:
sclerp(0qˆA,1, 0qˆA,2; t) = 0qˆA,1
(
0qˆ−1A,1 0qˆA,2
)t
(4.20)
Screw linear interpolation offers an important advantage over all other linear interpola-
tion techniques: Even though reference systems must be chosen to calculate the key dual
quaternions (e.g. according to eq. (4.15)), screw linear interpolation between key poses
is independent of this choice: the computed in-between rigid-body poses are identical,
whatever moving reference system "carries" the rigid body. This is illustrated by fig.
4.12, a proof is given in appendix D.3.
As shown in the previous section, slerp describes a gradual rotation about a fixed rotation
axis. Similarly, sclerp describes a gradual screw displacement: The term qˆ−1A,1 qˆA,2 yields
the screw parameters sˆ1→2, θˆ1→2 of the displacement 1→2. As with ordinary quaternions,
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Figure 4.12.: With screw linear interpolation (sclerp), in-between rigid-body poses are indepen-
dent of chosen coordinate systems.
raising this expression to the power of t leaves the screw axis constant and introduces
the time parameter 0 ≤ t ≤ 1 into the dual angle, according to eq. (4.19): θˆ(t) =
t (θ1→2 + d1→2). Hence, the distance travelled along the constant screw axis and the
rotation angle about it linearly increase with time (fig. 4.13).
Figure 4.13.: In-between poses computed from sclerp are a gradual screw displacement (screw
displacement axis drawn broken blue).
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Conclusions of linear interpolation
Two key poses can be linearly interpolated using several representations of rigid-body
motion. The most frequent approach treats translational and rotational motion sepa-
rately. Interpolating orientation with Euler angles lacks robustness and control over an-
gular velocity. Furthermore, the obtained in-between poses depend on chosen coordinate
systems. Interpolating orientation with quaternions removed the first two drawbacks,
while the last one remained. This was finally overcome with linear interpolation in dual
quaternion space.
Building on these findings on linear interpolation, parametric cubic interpolation schemes
are introduced in the following section. The spline parameters are necessary to optimize
the rigid-body motion. Another challenge arises with this step: the spline parameters
should straight-forwardly affect the rigid-body as an entity, which is hampered by inter-
polating position and orientation separately (in 3D or 4D, respectively). In the following
section, existing cubic polynomial schemes for the 3D and 4D cases are collected before
a novel expansion to 8D is proposed.
4.3.2. Parametric cubic polynomial spline interpolation in 3D, 4D
and 8D
A set of P consecutive key poses is considered, given by the homogeneous transformation
matrices
0HA,p =
0RA,p 0dA,p
0 1
 , p = 1, .., P (4.21)
First, a vector of associated key timesteps t = t1, ..., tP (knot vector) is constructed.
Without loss of generality, centripetal parameterization [92] is chosen between t1 = 0
and tP = 1:
∆tp
∆tp+1
=
√√√√ ‖∆dp‖
‖∆dp+1‖ ,
∆tp = tp+1 − tp, ∆dp = 0dA,p+1 − 0dA,p. (4.22)
As shown in fig. 4.14, the numeric example (fig. 4.8) is expanded by a third key pose
for illustration
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Figure 4.14.: Three rigid-body key poses.
Cubic spline interpolation of position (3D)
Kochanek and Bartels [88] proposed to incorporate three parameters (tension, continu-
ity and bias) into the Catmull-Rom formulation [31] of cubic polynomial splines in 3D
Cartesian space. These three parameters, after which the resulting curves are frequently
referred to as TCB splines [51], are individually chosen for each key pose providing local
control to the animator. Inspired by the Kochanek-Bartels technique, a parametric cubic
polynomial interpolation pattern is described in the following.
First, forward and backward key differences at each key timestep tp, p 6= 1, P are calcu-
lated:
vp,back =
∆dp−1
∆tp−1
, vp,forw =
∆dp
∆tp
. (4.23)
Local tension τp, and bias βp are introduced as scaling and weighting factors11,12
vp =
τp
2 [(1− βp) vp,back + (1 + βp)vp,forw] (4.24)
The curve of subsequent in-between position d(t) at times tp ≤ t ≤ tp+1 can then be
11This definition of tension and bias is different and somewhat more intuitive than the original one [88].
Furthermore, the continuity parameter γp is not used (γ = 0) in order to preserve C1 continuity.
12The Catmull-Rom formulation is obtained for τp = 1, βp = 0.
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computed as a cubic Bezier curve [55]:
d(t˜) = CubBez3D(dp, ap,bp+1,dp+1; t˜) = (dp, ap,bp+1,dp+1)

B30(t˜)
B31(t˜)
B32(t˜)
B33(t˜)
 (4.25)
where t˜ = t−tp∆tp . B
3
i (t˜) are the cubic Bernstein polynomials
B3i =
3
i
 t˜i · (1− t˜)3−i (4.26)
and ap,bp+1 are the Bezier control points:
ap = dp +
∆tp
3 vp, bp+1 = dp+1 −
∆tp
3 vp+1. (4.27)
This definition of the control points ensures that, when passing through a key position
dp, the velocity vector of A’s origin is vp. Although not obvious, this can easily be
verified by differentiating eq. (4.25).
This choice of control points is well illustrated by another way of computing a polynomial
curve, the de Casteljeau algorithm. This algorithms expresses a higher-order polynomial
as an iteration of linear operations [55]. Specifically, the function is for the cubic case:
CubBez3D(...; t˜) = lin(( lin(lin(dp, ap; t˜), lin(ap,bp+1; t˜); t˜), ...
lin(lin(ap,bp+1; t˜), lin(bp+1,dp+1; t˜); t˜); t˜), (4.28)
with the lin function defined in eq. (4.3).
Using intermediate coefficients bri , all necessary points can be arranged in the triangular
de Casteljeau scheme (fig. 4.15).
a11
a21 a22
a31 a32 a33
dp = b00
↘
ap = b01 → b10
↘ ↘
bp+1 = b02 → b11 → b20
↘ ↘ ↘
dp+1 = b03 → b12 → b21 → b30 =CubBez3D(dp ,ap ,bp+1,dp+1; t˜ )
(1)
1
Figure 4.15.: The de Casteljeau scheme for the cubic case.
Each point bri in this scheme is a linear interpolation of the point to its upper left and
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the one to its left:
bri
(
t˜
)
= lin
(
br−1i ,br−1i+1 ; t˜
)
(4.29)
The de Casteljeau scheme has got two convenient properties. First, the geometric in-
tuition of its elements is straight-forward: linear interpolation means splitting straight
lines, fig. 4.16. Second, the curve derivatives can be computed from the points bri [55].
The first derivative of a cubic curve, specifically, is at t˜ = t˜0 given by:
d
dt CubBez3D(...; t˜0) = 3 ·
d
dt
[
lin
(
b20(t˜0),b21(t˜0); t˜
)]∣∣∣∣∣
t˜0
= 3∆tp
(
b21(t˜0)− b20(t˜0)
)
. (4.30)
At t˜0 = 0, it is b20 = dp, b21 = ap; at t˜0 = 1, b20 = bp+1, b21 = dp+1. Inserting these points
in eq. (4.30) makes the choice of the control points, eq. (4.27), obvious.
dp
ap
bp+1
dp+1
b10
1
1b
2
0b
1
2b
2
1b
3
0b
~t(1-   )
~t
~t
~t
~t(1-   )
~t(1-   )ap+1
bp+2
bp
Figure 4.16.: Point b30 on the cubic curve constructed with de Casteljeau’s pattern.
As a conclusion, C1 cubic parameteric spline curves are computed as Bezier curves using
Bernstein polynomials or de Casteljeau’s algorithm. The latter is based on linear op-
erations and will therefore prove well-suited for expansion to higher dimensions. Using
either pattern, the result is a family of curves passing through the key positions at key
timesteps, each member parameterized by a vector Π = (τ1, .., τP , β1, .., βP ). Fig. 4.17
shows such curves cycling through the three key positions B1, B2, B3.
Each set of parameters Π yields a different curve in space because the key velocity vectors
are manipulated while the time vector t is kept constant. A high velocity (τ>1) slackens
the curve at a key position, a lower velocity (τ<1) tightens the curve. The bias parameter
β tilts the velocity vector in the plane spanned by vp,back and vp,forw (under-/overshoot
[51]), thus modifying the key slopes. However, every member of this parametric family
of curves is C1 and passes through the key positions at given times t at the specified
velocities vp.
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Figure 4.17.: Curves interpolated with varying parameter vectors Π (dashed bold: Catmull-
Rom spline with τp = 1, βp = 0).
From a computational point of view, a key velocity is obtained as backward, central or
finite difference for τp = 1 and bias βp = −1, 0,+1, respectively. In the general case, the
lengths of vectors vp,back and vp,forw are not identical but similar. Therefore, β does not
merely rotate the velocity vector but has a slight influence on the magnitude of the key
velocity, too.
Cubic spline interpolation of orientation (4D)
Based on Shoemake’s scheme [137] of C1 cubic Bezier curves in quaternion space, para-
metric cubic polynomial splines can be expanded to 4D. It was shown in section 4.3.1
that slerp is the 4D counterpart to lin. Hence, de Casteljeau’s algorithm can be expanded
to 4D:
CubBez4D(qp,qa,p,qb,p+1,qp+1; t˜) =
= slerp(( slerp(slerp(qp,qa,p; t˜), slerp(qa,p,qb,p+1; t˜); t˜), ...
slerp(slerp(qa,p,qb,p+1; t˜), slerp(qb,p+1,qp+1; t˜); t˜); t˜). (4.31)
Furthermore, de Casteljeau’s scheme (fig. 4.15) can be drawn using slerp between the
key quaternions qp/p+1 and the control quaternions qa,p and qb,p+1, which are the 4D
counterparts to the Bezier control points in eq. (4.27). In order to compute the in-
between quaternions, it is merely needed to derive equations for the desired key angular
velocities and to set the control quaternions qa,b accordingly.
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The first task is accomplished using the quaternion logarithm (eq. (4.8)): it allows to
calculate the angular velocity ω as a finite “difference”13 of key orientations, very similar
to the 3D case (eq. (4.23)):
1
∆tp−1
log
(
A,p−1qA,p
)
= 1∆tp−1
log
(
0q−1A,p−10qA,p
)
=
= 12
 0
A,pu
 θp−1→p
∆tp−1
= 12
 0
A,pωp,back

1
∆tp
log
(
A,pqA,p+1
)
= 12
 0
A,pωp,forw
 (4.32)
It is now straight-forward to incorporate tension and bias: 0
A,pωp
 = τp2
(1− βp)
 0
A,pωp,back
+ (1 + βp)
 0
A,pωp,forw
 . (4.33)
In order to compute the control quaternions 0qa,p, 0qb,p+1, the time derivative of slerp is
needed [40] (appendix C):
d
dt (slerp (q1,q2; t)) = q1
(
q−11 q2
)t0
ω
 . (4.34)
With this expression, the curve derivative can be computed from the quaternions in the
diagonal de Casteljeau scheme as it was accomplished in 3D: In eq. (4.30), lin is replaced
by slerp. When passing through the key quaternion 0qA,p at t˜0 = 0, the angular velocity
of frame A is hence given by
d
dt CubBez4D(...; t˜0) = 3 ·
d
dt
[
slerp
(
0qA,p, 0qa,p; t˜
)]∣∣∣∣∣
t˜0
=
= 0qA,p
3
∆tp
log
(
0q−1A,p0qa,p
)
= 0qA,p
1
2
 0
A,pω(t˜0)
 (4.35)
Using a different approach, this result was also obtained by Kim et al [85]. In the last
relation, qa,p is chosen such that A,pω matches the desired key angular velocity A,pωp
prescribed by eq. (4.33)14:
0qa,p = 0qA,p exp
∆tp
3
 0
A,pωp
 . (4.36)
13While translations are concatenated by adding vectors, rotations combine by multiplying matrices or
quaternions.
14Here, it is obvious that, unlike Euler angles, quaternions provide control over angular velocity: a
similar expression does not exist for Euler angles.
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Similarly, an expression for the control of the curve approaching qp+1 can be found:
0qb,p+1 = 0qA,p+1 exp
−∆tp
3
 0
A,p+1ωp+1
 . (4.37)
The result of CubBez4D is a C1 curve in 4D space describing the rotational motion of a
rigid body. At a key time step tp, the moving reference system A passes through a key
orientation 0RA,p at the prescribed angular velocity A,pωp.
The key angular velocities are modified by the parameter vector Π = (τ1, .., τp, β1, .., βp)
such that this vector defines a family of curves across the surface of the unit sphere. Fig.
4.18 shows CubBez4D interpolation between the key orientations of system B.
Figure 4.18.: Quaternion curves interpolated with varying parameter vectors Π (dashed bold:
τp = 1, βp = 0).
It was shown in section 4.3.1 that, when two rigid-body orientations are linearly in-
terpolated by slerp, the generated in-between poses do not depend on the body-fixed
orientation of the moving reference frame. This holds true for cubic interpolation as
proven in appendix E.2. Thus, interpolating a series of key rigid-body orientations with
CubBez4D yields a unique series of in-between orientations.
Furthermore, interpolating the position of a moving frame with TCB splines in 3D and
its orientation with TCB splines in 4D couples translational and rotational motion by the
parameter vector Π = (τ1, .., τp, β1, .., βp): An undulation in one spline (e.g. caused by a
high value τ) consequently evokes undulations in the other one. Over- and undershoot
is concurrently created by respective values of β. This compensates for one limitation of
traditional key frame interpolation. Yet, another drawback remains: the chosen body-
fixed position of the moving reference frame affects the interpolation result (as shown
in fig. 4.11). This will be tackled by expanding parametric cubic polynomial splines to
dual quaternion space resulting in a novel scheme for parametric coordinate-independent
rigid-body interpolation.
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Parametric cubic spline interpolation of position and orientation (8D)
As in the 3D and 4D cases, the parametric cubic spline formulation consists of two steps:
first, desired key (angular) velocities are set, before the spline control elements qˆa,p and
qˆb,p+1 are chosen such that these velocities values are met. The control dual quaternions
are used in the 8D de Casteljeau pattern which is defined in analogy to its 3D and 4D
counterparts:
CubBez8D(qˆp, qˆa,p, qˆb,p+1, qˆp+1; t˜) =
= sclerp(( sclerp(sclerp(qˆp, qˆa,p; t˜), sclerp(qˆa,p, qˆb,p+1; t˜); t˜), ...
sclerp(sclerp(qˆa,p, qˆb,p+1; t˜), sclerp(qˆb,p+1, qˆp+1; t˜); t˜); t˜). (4.38)
Similar to the 4D case, the key velocities are defined using the quaternion logarithm:
1
∆tp−1
log
(
A,p−1qˆA,p
)
= 12
 0
A,psˆ
 θp−1→p
∆tp−1
=
= 12
0
s
 θ
∆tp−1︸ ︷︷ ︸ 0
A,pωp,back

+ 2
0
s
 dp−1→p
∆tp−1
+
 0
s0 × s
 θp−1→p
∆tp−1

︸ ︷︷ ︸ 0
A,pvA,p,back

= 12
 0
$ˆA,p,back
 . (4.39)
The instantaneous twist $A of a moving frame A, consisting of its angular and trans-
lational velocity, uniquely describes the current motion of a rigid body [13]. The dual
twist vector is consequently $ˆA = Aω + AvA. Finite rigid-body displacements can also
be expressed as a twist about a screw [13]. In eq. (4.39), $ˆA,p,back describes the finite
displacement of system A from pose p− 1 to pose p. Similarly, the twist between pose p
and p+ 1 is:
1
∆tp
log
(
A,pqˆA,p+1
)
= 12
 0
A,pωp,forw
+ 2
 0
A,pvA,p,forw
 = 12
 0
$ˆA,p,forw
 . (4.40)
Finally, the desired instantaneous key twist is calculated using tension and bias: 0
$ˆA,p
 = τp2
(1− βp)
 0
$ˆA,p,back
+ (1 + βp)
 0
$ˆA,p,forw
 .
 (4.41)
In order to derive equations for the control dual quaternions in accordance with this key
54 4. Optimization-based reconstruction of bone motion
twist, the time derivative of sclerp is needed. Using eq. (4.19), it is
d
dt
(
qˆt
)
= − θˆ2 sin t
θˆ
2 +
0
sˆ
 θˆ
2 cos t
θˆ
2 . (4.42)
The dual vector sˆ consists of normalized Plücker coordinates because it satisfies eq.
(4.14). It follows from this that
0
sˆ
0
sˆ
 = −
1
0
 . (4.43)
Since (1,0)T is the neutral element of (dual) quaternion multiplication it is
d
dt
(
qˆt
)
= θˆ2
0
sˆ
0
sˆ
 sin tθˆ2 + cos tθˆ2
 = log(qˆ) qˆt = qˆt log(qˆ). (4.44)
While the quaternion product is not commutative in general, changing the multiplication
order is allowed in this case, which can be verified by expansion. It follows finally that
d
dt sclerp (qˆ1, qˆ2, t) = qˆ1
(
qˆ−11 qˆ2
)t
log
(
qˆ−11 qˆ2
)
. (4.45)
Again, the derivative property of de Casteljeau’s algorithm (eq. (4.30)) is exploited:
When frame A passes through pose p at t˜0 = 0, its instantaneous twist is given by
d
dt CubBez8D(...; t˜0) = 3 ·
d
dt
[
sclerp
(
0qˆA,p, 0qˆa,p; t˜
)]∣∣∣∣∣
t˜0
=
= 0qˆA,p
3
∆tp
log
(
0q−1A,p0qa,p
)
= 0qˆA,p
1
2
 0
A,p$ˆ(t˜0 = 0)
 (4.46)
and, as previously, qˆa,p is set such that $ˆ(t˜0 = 0) = $ˆA,p:
0qˆa,p = 0qˆA,p exp
∆tp
3
 0
A,p$ˆA,p
 . (4.47)
Similarly, the second control dual quaternion qˆb,p+1 is:
0qˆb,p+1 = 0qˆA,p+1 exp
−∆tp
3
 0
A,p+1$ˆA,p+1
 . (4.48)
The cubic polynomial spline curve in 8D yields a rigid-body motion as series of in-
between rigid-body poses. The velocity and angular velocity during this motion are C1
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continuous. When the moving body passes through a key pose, the chosen reference
system A instantaneously undergoes the twist set in eq. (4.41).
While the velocity of any point is C1, the in-between poses are identical, regardless of
the moving coordinate system chosen to calculate the key dual quaternions. This is
illustrated by fig. 4.19, left. A general proof is given in appendix E.3.
Figure 4.19.: Cubic interpolation in 8D through three key poses (drawn bold). Left: Interpo-
lating the pose of systems A and B yield identical in-between rigid-body poses.
Right: A C1 rigid-body motion is approximated by a higher interpolation rate.
Finally, figures 4.20 and 4.21 show the effect of the parameterization.
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Figure 4.20.: Parametric cubic interpolation of rigid-body displacement in 8D: The solid line
is the Catmull-Rom interpolation in 8D: τ = (1, 1, 1)T , β = (−1, 0,+1)T . For
the dashed trajectory, τ2 = 2. This increases the velocity in the second key pose
yielding a slacker, more undulating curve in space. Both trajectories are C1.
Figure 4.21.: Parametric cubic interpolation of rigid-body displacement in 8D (periodic mo-
tion): The solid line is the Catmull-Rom interpolation in 8D. The dashed tra-
jectory is created by τ = (2, 2, 2, 2)T , β = (−0.5,−0.5,−0.5,−0.5)T . This, in
addition to more slack, rotates the direction of the key velocity vectors towards
the incoming tangents (overshoot). Both trajectories are C1.
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Endpoint tangents
In each dimension 3D, 4D and 8D, computing key velocities is based on a scaled and
weighted sum of a backward and a forward difference. Therefore, the endpoint tangents
require special consideration.
Uni-directional motion For a uni-directional motion, the backward difference is not
defined in the first key frame and the forward difference is not defined in the last key
frame P . Hence, bias β is in these key frames chosen in a way that the lacking differences
are not needed:
β1 = +1, βP = −1. (4.49)
These conditions are equivalent with linear extrapolation before the first and after the
last key frame. Other conditions [55] are possible.
If, additionally, the first and/or the last key pose are at the limits of the range of motion,
the velocity is required to vanish in these keys (point-to-point motion):
τ1 = τP = 0. (4.50)
Cyclic motion Cyclic motion means that the first and the last key pose are identical.
For continuous velocity, it is required that:
β1 = βP , τ1 = τP . (4.51)
4.4. Genetic optimization algorithm
4.4.1. Genetic optimization
A genetic optimization algorithms mimics biological reproduction in order to find a set
of parameters Π = (pi1, ..., piK)T that minimize the value of an objective function F (Π).
Each optimization parameter is regarded as a gene that carries a numeric value. A set
of genes (genome) Πn defines an individual n. The fitness value of each individual is
determined from the objective function value evaluated at its parameter values F (Πn):
the lower the function value, the fitter the individual.
A genetic algorithm operates on a set ofN individuals, called population. The individuals
of such a population share their genes in pairs, thereby forming the individuals of a
new generation (reproduction). Since the number of individuals in the population is
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held constant over generations, the number of reproductions is limited: the fitter an
individual, the more likely it will be allowed to reproduce (selection). Through iterative
selection and reproduction, the individuals become fitter from generation to generation.
Further details on genetic algorithms can, for instance, be found in [43].
Start
Create initial population
Π1, ...,ΠN
Evaluate objective function
F (Πn), n = 1, ..., N
Stop?
Selection & Reproduction
N
Create new generation
Π1, ...,ΠN
End
Y
Figure 4.22.: Flowchart of a genetic optimization algorithm. The population is modified by
selecting individuals which are allowed to reproduce. The algorithm stops, for
example, after a certain number of generations or when a criterion to the achieved
fitness is met.
4.4.2. Optimizing relative bone trajectories
The spline parameters form the genome of an individual: Πn = (τ1, .., τP , β1, .., βP )T .
Utilizing the rigid-body motion defined by these parameters, the objective function F (Π)
operates on the surface distance as introduced in section 3.2. This distance is either the
penetration depth (if the surfaces collide indicated by a positive value) or the minimum
distance between surfaces (otherwise, negative values). The surface distance values in
key poses were listed in table 3.1.
An individual Πn represents a dual quaternion spline qˆ(t), 0 ≤ t ≤ 1 through P key
poses at key timesteps t1 = 0, ..., tP = 1. For each individual, the surface distance is
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computed twice between each pair of key timesteps: Between the key poses p and p+ 1,
the surface distance is computed from the relative pose of the articulating surfaces at
the in-between timesteps15 tp + ∆tp3 and tp +
2·∆tp
3 .
The objective surface distance uobjective at such an in-between timestep is computed as a
linear interpolation between the surface distances in the key poses p, p+ 1. In the table
of fig. 4.23, the values of table 3.1 are repeated and listed with their key timesteps t1..P
(calculated by eq. 4.22); they are marked with solid diamonds. Hollow diamonds indicate
in-between timesteps with their associated objective surface distances, obtained by linear
interpolation between key surface distances. Hollow squares mark the in-between surface
distances computed for the individual (Π = (1, 1, 1, 1, 1, 0, 0,−1)T ). This individual is
the ordinary Catmull-Rom spline in dual quaternion space and is considered the initial
guess of the optimization. All surface distance are plotted against t besides the table.
Pose t uobjective uinitial
1 0  -0.09
0.09 ♦ 0.00  -0.07
0.19 ♦ 0.10  0.20
2 0.28  0.20
0.38 ♦ 0.24  0.22
0.48 ♦ 0.28  0.31
3 0.58  0.33
0.72 ♦ 0.33  0.27
0.86 ♦ 0.34  0.15
4 1  0.35
Figure 4.23.: Patient 15259 (ulnar to radial deviation). Surface distances [mm] between capitate
and lunate in key timesteps tp, p=1..4 are shown as solid diamonds. Between
two key timesteps, two in-between poses are investigated; the objective surface
distances (hollow diamonds) in these in-between poses are linearly interpolated
between the distances in the key timesteps. The hollow squares represent the
surfaces distances computed for the “initial guess” (Catmull-Rom) spline. Positive
values indicate penetration, negative values are the minimum distance between
separated surfaces.
For P key poses, the surface distance is computed at 2(P − 1) in-between poses and
compared to the objective surface distance. The objective function returns the mean
difference between these numbers:
F (Π) = 12(P − 1)
2(P−1)∑
k=1
|ucurrent,k − uobjective,k| = 12(P − 1)
2(P−1)∑
k=1
|∆uk|. (4.52)
Since the in-between relative poses of the articulating surfaces for one individual can be
calculated a priori, the collision detection can easily be parallelized.
15Evaluating the surface distance only twice between key poses seems sufficient since each bone trajectory
between these poses is C1.
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The objective function penalizes large absolute surface distances, caused either by pene-
trating or separated surfaces. Hence, relative motions that let articulating surfaces slide
along one another with small surface distances are brought forward. Besides other non-
gradient based optimization methods, spline parameters generating such a motion can be
found by well-established techniques of genetic optimization [43]. The special structure
of the the curves elaborated in section 4.3.2, however, allows for a custom-made effective
reproduction algorithm.
Effective reproduction As a part of the reproduction algorithm, a crossover algorithm
recombines the genomes of two mating individuals to form the genome of their child. The
most common crossover algorithms are random and heuristic crossover. If two individuals
Πa and Πb mate, a child Πc is created by
• Random crossover: Πc = λΠa + λ¯Πb, with a randomly generated binary vector λ
and its complement λ¯.
• Heuristic crossover: Πc = Πa + α · (Πa −Πb), α > 0, if F (Πa) < F (Πb).
In most optimization problems, a more effective crossover function cannot be established
because it cannot exactly be determined how one specific gene adds to the scalar objective
function. This is different, however, in the spline optimization problem at hand. One
property of the curves generated in section 4.3.2 is the high level of local control: if the
spline parameters τp, βp, that determine the key velocity at timestep tp are altered, the
spline curve is only affected in the preceding segment (tp−1 ≤ t ≤ tp) and the following
segment (tp ≤ t ≤ tp+1). All other segments remain unchanged (fig. 4.24). This is due
to the fact that a generated curve is globally not more than C1; the segments are rather
loosely coupled.
Let a spline represented by an individual Πa generate surface distances close to the
objective values in one segment (this segment adds only little to the objective function
eq. (4.52), that is). Further, let this individual mate with another individual Πb that,
in turn, closely achieves the objective surface distances in another segment. Then, it
seems reasonable to combine the curve parameters of both good segments in one genome.
Formed in this manner, the child of these individuals performs well in both of these
segments, provided that the segments do not adjoin. In other words, while the default
random and heuristic crossover functions operate on the entire genome of the parents, a
more effective crossover functions assembles a child gene by gene. To this end, in addition
to the global scalar fitness value F (Π), each key timestep is assigned a local fitness value
computed from the surface distance deviations in the segment preceding this key frame
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Figure 4.24.: Local spline control in a 2D example of five key poses (shown as circles). The
black solid line is the Catmull-Rom individual. Altering the parameters τ3, β3
affects the curve only in the segment preceding and following key pose 3. All other
segments remain unchanged.
(∆u2p−3, ∆u2p−2) and the one following it (∆u2p−1, ∆u2p):
Fp (Π) =
1
6 (|∆u2p−3|+ 2|∆u2p−2|+ 2|∆u2p−1|+ |∆u2p|) . (4.53)
In the first and last key frame of unidirectional motion, the preceding and following
segment do not exist, respectively. In these cases, the surface distances of the missing
segment are set to zero and the factor 16 is accordingly changed to
1
3 .
With pairs of spline parameters (τn, βn)a and (τn, βn)b of mating individuals a and b,
the locally fitter individual is identified by Fn. Heuristic crossover (α = 0.2) is then
performed to calculate (τn, βn)c. The global fitness F (Π) value is utilized for selection.
More details on the employed optimization algorithm can be found in [24].
Modifications For the optimization, the key twists are calculated with a slightly mod-
ified version of eq. (4.41): Given the forward and backward velocities of reference point
A in a key pose vA,p,back/forw, the central finite difference is calculated:
vA,p,cent =
1
2
(
vA,p,back + vA,p,forw
)
. (4.54)
The lower and upper bounds for the local bias parameter βp are then calculated by:
βp,low =
−pi2
αp,back
, αp,back = acos
(
vcent
‖vcent‖
•
vback
‖vback‖
)
βp,upp =
pi
2
αp,forw
, αp,forw = acos
(
vcent
‖vcent‖
•
vforw
‖vforw‖
)
(4.55)
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and a key velocity vA,p is defined as
vA,p = τp ·M (α(βp)) vA,p,cent, τp ≥ 0, (4.56)
where M (α(βp)) denotes the rotation matrix about an vector n = (nx, ny, nz)T and angle
α(βp):
M (α) =(1− cosα)

n2x nxny nxnz
nxny n
2
y nynz
nxnz nynz n
2
z
+ cosα

1 0 0
0 1 0
0 0 1
+
+ sinα

0 −nz ny
nz 0 −nx
−ny nx 0
 ,
n =
vA,p,back × vA,p,forw
‖vA,p,back × vA,p,forw‖
,
α(βp) =
αp,back · βp, βlow,p ≤ βp ≤ 0αp,forw · βp, 0 < βp ≤ βupp,p (4.57)
This means that the bias parameter βp rotates the velocity vector vA,p,cent in the plane
spanned by vA,p,back and vA,p,forw about an angle −pi2 ≤ αp ≤ pi2 , while the length of
this vector is kept constant. The length is solely affected by the tension parameter τp,
eq. 4.56. Uncoupling the length and direction manipulation of the velocity vector is
favourable for the optimization routine; calculating the key velocity vector as a weighted
sum of forward and backward differences, as previously described in eq. 4.24, affects
both vector length and direction simultaneously. Furthermore, the chosen range of αp
provides greater flexibility than imposing that −1 ≤ βp ≤ −1 as it is usually proposed
for the Kochanek-Bartels spline [51]; in the latter case, the key velocity vector cannot tilt
across the limits provided by the forward and backward difference vector. The definition
eq. 4.57 lets αp increase linearly with βp, as illustrated in fig. 4.25 (αp = αv(β)).
The key angular velocity is calculated from the bias parameter βp in the following way:
as in the translational case, angles between the central, forward and backward difference
vectors αω,back and αω,forw are computed from the forward and backward angular velocity
vectors (defined in eq. 4.32). The key angular velocity vector is then computed as in eq.
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4.56. The necessary rotation angle of the angular velocity vector αω(βp) is
αω(βp) =

−αp,ω,back + (βp + 1) ·
pi
2−αp,ω,back
pi
2 · 1αp,back−1
, βlow,p ≤ βp < −1
αp,ω,back · βp, 1 ≤ βp ≤ 0
αp,ω,forw · βp, 0 < βp ≤ 1
αp,ω,forw + (βp − 1) ·
pi
2−αp,ω,forw
pi
2 · 1αp,forw−1
, 1 < βp ≤ βupp,p
(4.58)
This definition is illustrated in fig. 4.25. It ensures that βp = ∓1 yields backward and
forward differences, respectively, as in the definition proposed in section 4.3.2 .
α(β)
β
αω(β)
αv(β)
αp,ω,forw
αp,ω,back
αp,forw
αp,back
+1-1
+ π2|
- π
2
|
βp,low βp,upp-
-
-
-
-
-
-
- - -
Figure 4.25.: Rotation angle α of the velocity and angular velocity vectors as a function of the
bias parameter β in one pose p.
4.5. Results: Relative wrist bone motion
The methods proposed in the previous sections were applied to the relative poses Lun,pHCap,p,
p = 1, .., P that were extracted from the data provided in the Brown database. These
were calculated according to eq. (3.1) for the patients coded as 15259, 56762 and 24117
with their associated hand motion listed in tables 2.1-2.3. The population size was set
to 20 and 50 optimization runs were performed for each patient to ensure a thorough
search of the parameter space. An optimization run calcucated a minimum of 20 genera-
tions and was terminated if the fittest members of subsequent generations improved only
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marginally [24]. On average, such convergence was reached after 25 generations. With
the surface distances for one individual computed in parallel, the calculation time16 for
50 runs ranged from around 10 hours (patient 15259) to 25 hours (patient 24117). The
endpoint tangents were set to β1 = +1, βP = −1 for patients 15259 and 56752 (uni-
directional motion) and to β1 = β8, τ1 = τ8 for patient 24117 (periodic motion).
Figures 4.26-4.31 show the interpolation results. The bone motion is represented by the
trace-curve of a capitate-fixed reference frame in 3D Cartesian space and as the projection
of the rotational displacement on the 3D unit sphere.
16Implementation in Matlab R2013a on Windows Server 2008 R2, 3.4 GHz, 16 GB RAM
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Patient 15259 (ulnar to radial deviation)
Pose t uobjective uinitial uoptimal
1 0  -0.09
0.09 ♦ 0.00  -0.07 4 -0.02
0.19 ♦ 0.10  0.20 4 0.13
2 0.28  0.20
0.38 ♦ 0.24  0.22 4 0.24
0.48 ♦ 0.28  0.31 4 0.28
3 0.58  0.33
0.72 ♦ 0.33  0.27 4 0.35
0.86 ♦ 0.34  0.15 4 0.28
4 1  0.35
Figure 4.26.: Patient 15259 (ulnar to radial deviation): surface distances [mm] between capitate
and lunate before and after the optimization. Positive values indicate penetration,
negative values are the minimum distance between separated surfaces.
Figure 4.27.: Resulting trajectory of the capitate center of gravity. Initial values (Catmull-Rom
spline, dashed) and optimization result (solid).
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Patient 56762 (extension to flexion)
Pose t uobjective uinitial uoptimal
1 0  0.17
0.09 ♦ 0.18  0.15 4 0.18
0.16 ♦ 0.20  0.21 4 0.21
2 0.26  0.21
0.33 ♦ 0.20  0.10 4 0.17
0.40 ♦ 0.19  -0.05 4 0.10
3 0.47  0.17
0.54 ♦ 0.04  0.16 4 0.16
0.60 ♦ -0.07  -0.05 4 -0.07
4 0.67  -0.20
0.78 ♦ -0.11  -0.14 4 -0.11
0.89 ♦ -0.01  -0.03 4 -0.04
5 1  0.08
Figure 4.28.: Patient 56762 (extension to flexion): surface distances [mm] between capitate and
lunate before and after the optimization. Positive values indicate penetration,
negative values are the minimum distance between separated surfaces.
Figure 4.29.: Resulting trajectory of the capitate center of gravity. Initial values (Catmull-Rom
spline, dashed) and optimization result (solid).
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Patient 24117 (combined motion)
Pose t uobjective uinitial uoptimal
1 0  0.14
0.03 ♦ 0.16  0.16 4 0.20
0.06 ♦ 0.18  0.13 4 0.14
2 0.10  0.21
0.14 ♦ 0.06  -0.08 4 -0.09
0.18 ♦ -0.08  -0.20 4 -0.21
3 0.22  -0.21
0.28 ♦ -0.01  -0.24 4 -0.22
0.34 ♦ 0.18  -0.08 4 0.30
4 0.40  0.37
0.44 ♦ 0.21  0.29 4 0.24
0.48 ♦ 0.05  -0.04 4 -0.02
5 0.52  -0.10
0.58 ♦ -0.10  0.28 4 -0.11
0.63 ♦ -0.09  0.16 4 -0.17
6 0.70  -10
0.72 ♦ 0.03  -0.09 4 -0.04
0.74 ♦ 0.12  0.21 4 0.24
7 0.77  0.24
0.79 ♦ 0.24  0.27 4 0.25
0.82 ♦ 0.23  0.21 4 0.23
8 0.85  0.22
0.9 ♦ 0.20  0.21 4 0.21
0.95 ♦ 0.16  0.17 4 0.20
9=1 1  0.14
Figure 4.30.: Patient 24117 (combined motion), lunate w.r.t. capitate: surface distances [mm]
between capitate and lunate before and after the optimization. Positive values
indicate penetration, negative values are the minimum distance between separated
surfaces.
Figure 4.31.: Resulting trajectory of the capitate center of gravity. Initial values (Catmull-Rom
spline, dashed) and optimization result (solid).
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4.6. Discussion and Outlook
A methodology was proposed to synthesize relative bone motion between sparsely mea-
sured key poses. The resulting motion is realistic in two aspects: first, the surface dis-
tance (denoting either the penetration depth or the minimum distance between surfaces)
is minimized. Second, the relative bone trajectory is smooth.
The following paragraphs review the parts of the methodology proposed.
Collision detection algorithm An MBS approach to collision detection between polyg-
onal surfaces [77] was implemented to monitor the contact between two articulating
surfaces during their relative motion. In case of collision, the penetration depth of the
rigid surfaces was computed. The algorithm is valid for any pair of triangulated sur-
faces undergoing an arbitrary kind of relative motion. However, the collision detection
algorithm consumes the major part of the optimization time.
Signed distance fields, well-established in robotics and computer graphics, were pre-
viously reported to calculate inter-bone distances [99]. It was shown by Breitmar [24]
that distance fields considerably decrease the computation time for a sample bone-bone
collision scenario, compared to the currently implemented polygonal MBS approach us-
ing HBBBTs. Although the optimization could consequently be sped up using signed
distance fields, the MBS approach holds an advantage: calculating contact forces can
straight-forwardly be included into the algorithm [77] and these contact forces may be
utilized in a refined objective function (discussed below).
Distance fields as well as the polygonal MBS approach consider the articulating unde-
formable. Although a severe simplification of reality, this remains the common approach
to contact computation due to the current constraints in computational power.
Interpolation A novel scheme for cubic parametric rigid-body interpolation was intro-
duced. Instead of separating rigid-body motion into translational and rotational motion
of a chosen coordinate system, the body motion is treated in a unified manner. The re-
sulting motion is C1 and independent of chosen coordinate systems. Parameters provide
control over the rigid-body motion, either to a user or to an superordinate procedure
such as an optimization routine.
C1 cubic interpolation in quaternion space was first proposed by Shoemake [137]. Eberly
used an iteration of only three slerp operations (instead of four as proposed in section
4.3.2) based on Boehm’s technique [21] of constructing a cubic polynomial as a warped
parabola. Although not yet reported, the principle of transference, originally stated
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by Kotelnikov and Study [76], ensures that this technique can be expanded to dual
quaternion space. This holds the potential for future speed-up.
B-spline interpolation in quaternion space was reported by Kim [86]. Kölling [89] showed
how this technique applies to dual quaternions yielding coordinate-independent C2 rigid-
body motion.
Higher-order polynomial interpolation schemes of screw representations have previously
been reported [2, 62] using so-called double quaternions. These schemes also yield motion
independent of coordinate systems. The relations between double quaternions, dual
quaternions, and some others are described by Hiller and Woernle [76]. While either
representation of rigid-body displacement is possible, dual quaternions seem to be closest
to geometry (a screw motion, that is).
The interpolation scheme in this thesis is novel, compared to all of the aforementioned
schemes, in the aspect that parameters are incorporated into the interpolation. Only
these parameters make the integration into an optimization routine possible. This is the
key advancement of the proposed method.
Optimization In [24], it is shown that the proposed custom-made genetic algorithm
is superior both to a genetic optimization with ordinary crossover and a Nelder-Mead
simplex algorithm. First, with the parameter space defined by τi, βi and the proposed
objective function, a genetic algorithm in general yields significantly better optimization
results than the Nelder-Mead algorithm; a phenomenon, known especially for a high-
dimensional parameter space [164]. Compared to the an genetic algorithm with ordinary
crossover, the custom-made version returned better optimization results and required
(on average) 10% fewer calls to the collision detection routine, resulting in a shorter
calculation time.
The proposed objective function of the genetic algorithm utilizes the desired penetration
depth and the actual one as sole input information. A refined objective function could
possibly incorporate more information to evaluate the fitness of an individual trajectory,
such as path length or variation of the bone’s kinetic energy. Since contact forces can
straight-forwardly be computed from the implemented MBS approach to collision detec-
tion [77] an objective function could strive for force equilibrium in an enhanced model
featuring ligament and muscles forces. Necessary input, however, are material properties
like stiffness and damping.
Application to wrist bones The optimization routine yields in-between penetration
depths that are significantly closer to the objective values than the ones obtained from
the initial guess, the Catmull-Rom splines (figures 4.26-4.31). The corresponding bone
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trajectories are smooth: ensured by the key frame interpolation algorithm, they are at
least C1; in fact, the resulting jumps in the second order derivative are small and the
trajectories are close to C2. Hence, the optimized bone trajectory can be considered
realistic.
A validation of the trajectories obtained could be performed by artificially down-sampling
a sufficiently large dataset. The Brown database, utilized in this thesis, provides too few
measured poses for down-sampling (5 for flexion-extension, 4 for ulnar to radial devi-
ation). The combined motion dataset contains 8 measured poses, which are however
distributed throughout the entire range of motion of the hand. An estimation of inter-
polation errors by down-sampling 20 intermediate poses CT-scans was performed in [64];
images for this study were acquired with a special imaging technique (4D-RX) focusing
on the X-ray investigation of joints during cycling motion. Ideally, a dataset for vali-
dation would furthermore include information on the cartilage surface. Without access
to medical scanners, the author of this thesis made strong effort to participate in data
collected by other groups; as of today, to no avail.
Outlook The surface distances in table 3.1 are below today’s measurement accuracy.
Hence, the proposed methodology might be more useful when articulating surfaces can
be scanned more precisely.
In the future, the methodology may be used to obtain patient-specific models of bone mo-
tion. Such input may serve, for instance, as input for inverse-dynamic studies. Further-
more, it is currently speculated how the analysis of body-internal motion may enhance
and facilitate diagnosis [64].
4.7. Conclusion
The overall result of the proposed interpolation methodology is a C1 rigid-body motion
qˆ(t) that lets the surface of a moving body roll and slide along the surface of a stationary
one. This motion is independent of chosen reference systems. For further use, it is nev-
ertheless decomposed into the translational and rotational motion of a moving reference
system F (t) with respect to another system E(t) (according to eq. (4.15)):
EqˆF (t) = EqˆF,R(t) EqˆF,T (t). (4.59)
Applied to the articulation capitate-lunate, the final result of this chapter is a quasi-
continuous motion LunqˆCap(t), 0 ≤ t ≤ 1. For the further analysis reported in the
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following chapters, a capitate-based reference system A was selected. The relative ve-
locity AvA,Cap−Lun(t) and angular velocity ωCap−Lun(t) was calculated from eq. (4.59)
as the mean between backward and forward differences (eqs. (4.39), (4.40)) with a step
size of 0.01. These velocities are necessary input for the further kinematic analysis of
articulating bone surfaces.
5. Approximating articulating surfaces
with envelopes
5.1. Introduction
The shape of surfaces articulating in a diarthrodial joint is linked to the motion that these
surfaces can perform with respect to one another. In the previous chapter, a methodology
was proposed to reconstruct this relative motion between given surfaces. Nonetheless,
the reverse must hold: from a pair of two mating bodies, given the surface and relative
motion of the first one, the surface geometry of the second is not arbitrary - provided
that the articulating surfaces fit together well.
Measures of how well articulating surfaces in a diarthrodial joint fit together are often
referred to as measures of joint congruency (also: congruence or congruity). Most of the
proposed algorithms quantified congruency from the curvature around the contact point
[12, 28, 36, 78, 138]: bone contours or surfaces were investigated in a static pose and were
deemed congruent if the difference in their curvature was sufficiently small. However, the
inadequacy of such measures is obvious: first, the quantified congruency may vary across
joint poses [35]. Second, and more importantly, the only surfaces with equal principal
curvatures over a region that still allow for relative motion are concentric spheres. Hence,
all bone surfaces must appear incongruent unless they are perfect spheres.
In 1875, Reuleaux [130] stated that, as a basic property of a kinematic pair, its elements
must be mutual envelopes1. Even though he did not explicitly cite Reuleaux’ result,
Menschik [102], in 1987, was first to apply this rule to bone shapes: from measured
bone contours (of the distal femoral end and the tibial plateau) and anatomic landmarks
(the insertion points of the cruciate ligaments), he derived a planar four-bar linkage to
reconstruct the relative motion between upper and lower leg (fig. 5.1, left). From this
four-bar linkage, which, overall, can be regarded as a higher-pair joint, he showed that
the articulating bone contours in the knee closely resemble a pair of enveloping curves
1“dasselbe [ruhende Element; note from the author] muss so geformt sein, dass es die Umhüllungsform
des beweglich gelassenen anderen Elementes an sich trägt.”
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(fig. 5.1, right). Methodologically, Menschik’s approach was novel in that it took bone
motion into account in addition to surface geometry. Furthermore, instead of quantifying
how well bone contours fit together, he explained why they fit together.
Figure 5.1.: Left: Menschik derived the relative motion of femur and tibia from a four-bar
linkage. Link BB1 is the anterior and link AA1 the posterior cruciate ligament.
Right: Using this linkage, the contour of the distal femoral end evolves as the
envelope of the moving tibial plateau. Figures reproduced from [102].
The results of congruency estimation vary widely across studies and so does the under-
standing of bone surface functionality. For instance, Bullough [28] concluded that “the
opposed surfaces of most human joints have curvatures which are incongruent and can-
not be made to fit”. Menschik’s opposing conclusion is that the contours of the distal
femoral end and the tibia are an optimal fit2. Indeed, it seems likely that evolution has
generated articulating bone surfaces in accordance with one another.
With his analytic approach, Menschik was first to reveal kinematic relations (relations
derived from both geometry and motion, that is) between bone shapes. However, his
method depends on a linkage providing realistic motion between articulating bones.
Finding such a linkage is a tedious task for a relative bone motion which is more complex
than the one between femur and tibia.
Contributions This chapter presents
2“...sind plötzlich die scheinbar inkongruenten Gelenkflächen des Kniegelenks optimal aneinander
angepaßt, denn sie bedingen einander bei der Entstehung.”
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• a generalization of Menschik’s method: it is derived from mechanism science and
allows to calculate envelopes of moving 3D bone surfaces
• a novel approach to estimate the instantaneous contact area in articulating surfaces
• results confirming that
– wrist bone surfaces can be approximated by envelopes
– the envelope points are the instantaneous contact points between bone sur-
faces.
5.2. Envelopes
5.2.1. Fundamentals of envelopes
From a differential geometry point of view, consider a one-parameter family of planar
curves with t as curve parameter (fig. 5.2, left):
F (x, y; t) = 0. (5.1)
x
y
F(x,y,t1)
F(x,y,t2)
F(x,y,t3)
C1
C2
C3
Cx0
y0 nc
vc,10.
P10
1
Figure 5.2.: Left: the envelope (dotted) to a one-parameter family of planar curves. Right: The
contact point C satisfies the envelope condition.
A curve is called an envelope to this family of curves, if it is, at each of its points,
tangent to one of the curves of the family. It can mathematically be shown [66] that a
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point P = (x(t), y(t))T on the moving curve belongs to the envelope curve, if and only if
it satisfies
F (x(t), y(t); t) = 0 and ∂
∂t
F (x(t), y(t); t) = 0. (5.2)
Regarding the curve parameter t as time, the kinematic intuition of these conditions can
be shown: Differentiating the first one with respect to t and inserting the second one
yields, on the one hand,
d
dt
F (x(t), y(t); t) = ∂F
∂x
∣∣∣∣∣
t
dx
dt
+ ∂F
∂y
∣∣∣∣∣
t
dy
dt
+ ∂F
∂t
∣∣∣∣∣
t
= ∂F
∂x
∣∣∣∣∣
t
dx
dt
+ ∂F
∂y
∣∣∣∣∣
t
dy
dt
= 0 (5.3)
where the subscript t indicates that the function is evaluated at (x(t), y(t), t).
On the other hand, the velocity vector of a point (x, y) is
v =
(
dx
dt
,
dy
dt
)T
(5.4)
and a vector normal to the instantaneous curve F (x, y) is according to appendix F:
n =
(
∂F
∂x
,
∂F
∂y
)T
. (5.5)
Hence
v•n = ∂F
∂x
dx
dt
+ ∂F
∂y
dy
dt
. (5.6)
With eq. (5.3), it is now obvious that the point P is a point on the envelope curve if
vP • nP = 0. (5.7)
This condition will further be referred to as envelope condition.
The envelope condition implies that the curve and its envelope instantaneously have
that point in common where the relative velocity vector and the curve normal vector
are perpendicular: for a local observer on the curve, the curve does instantaneously not
move forward.
This intuition holds true for moving surfaces, which can be described by a one-parameter
family of surfaces F (x, y, z; t) = 0. The definition of the envelope extends naturally: The
envelope of such a surface is a surface which is tangent at every point to a member of
the family [66]. The envelope condition holds true.
76 5. Approximating articulating surfaces with envelopes
In planar kinematics, consider a plane 1 moving with respect to the fixed plane 0 (fig. 5.2,
right). The line normal to the curve in the instantaneous contact point passes through
the instantaneous pole P10 between these two planes [79]. This is due to the fact that
the moving curve and its envelope instantaneously share a tangent in C. Hence, it is
vC,10 • nC = 0. (5.8)
Considering spatial kinematics, the screw-theoretic fundamentals for two surfaces in
higher-pair contact were derived by Chakraborty and Dhande [32]. They proved the enve-
lope condition using specific assumptions for the moving surfaces. Zakel [159] derived the
envelope condition from the vector function of the line that two surfaces instantaneously
have in common.
5.2.2. Envelopes in engineering
Envelopes find applications wherever moving parts are in contact and transmit forces.
The most typical and important examples are gear wheels and cam-follower mecha-
nisms.
In a pair of meshing gear wheels, mating tooth-flanks are mutual envelopes since they
continuously share a common tangent (as long as they are in contact). The fundamental
law of gearing states that the angular velocity ratio of two meshing gear wheels is constant
if, and only if, the point where the common normal to the tooth profiles intersect the
line connecting the gear centres remains stationary [125], fig. 5.3. Tooth contours are
chosen in a way that this condition is satisfied.
P10 P20P21
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Figure 5.3.: The fundamental law of gearing ensures that the transmission ratio of meshing
gear wheels remains constant: the pole P21 between gears 1 and 2 must remain
stationary. Mating tooth contours are a pair of envelopes.
The kinematic principle of a cam-follower mechanism is similar to the one of meshing
gears. The difference, however, is that the transmission ratio is desired to change during
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operation. According to the Aronhold-Kennedy theorem [84, 125], the instantaneous
poles of three planes in relative motion lie on a straight line. In the case of an oscillating
follower (fig. 5.4), this means that the instantaneous pole P21 between the cam (driving
body, 1) and the follower (driven body, 2) travels on the line passing through the pivot
points.
Figure 5.4.: Cam (1) and oscillating follower (2). The contact point C satisfies the envelope
condition.
The cam and follower contours are mutual envelopes (fig. 5.4, right): unlike points A
and B (arbitrarily chosen for demonstration), the contact point C has a relative velocity
vector that is instantaneously directed tangentially along the follower contour.
When designing a cam-follower mechanism, a common attempt is to let the cam rotate
at a constant angular velocity while the follower moves in a way that requirements to
the dynamic performance and force transmission are met [131, 150]. Given the shape
and desired motion of the follower, the cam contour can then graphically be obtained
by kinematic inversion [125]: the cam is held fixed while the follower is moved around
it. The cam contour arises as the envelope of subsequent follower profiles consisting of
consecutive contact points during one cam cycle.
In terms of velocity, kinematic inversion is expressed by the velocity of the cam with
respect to the follower (vC,21 in fig. 5.4). With this velocity, the envelope condition
yields the instantaneous contact point C. This condition holds true in 3D and is used in
the design of spherical and spatial cam-follower mechanisms [32, 119, 159].
5.2.3. Contact point properties
As a conclusion of the points made about envelopes, it can be said that an instantaneous
contact point C between a curve or surface and its envelope satisfies three conditions:
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C1 Proximity: the moving curves/surface and its envelope coincide in this point.
C2 Envelope: the envelope condition eq. (5.7) is satisfied.
C3 Normal contact: the normal vectors of the moving curve/surface and its envelope
must have identical direction (though different orientation).
In fact, the second and third condition are not independent: since the moving surface and
its envelope share a tangent (envelope condition), they must also have a common normal.
Nevertheless, by treating these two conditions separately, the validity of the computed
envelope points can be assessed: points computed from the first two conditions must also
satisfy the last one.
5.3. Application to articulating wrist bone surfaces and
motion
5.3.1. Results: Approximating bone surfaces
The articulating surfaces of the capitate and lunate together with their relative motion
served as input. During the motion, the centroid coordinates of the capitate mesh trian-
gles were calculated in each timestep t = 0..1 at step size 0.01. In each timestep, those
centroids were selected that instantaneously were 0.4 mm or closer to the nearest mesh
centroid of the lunate articulating surface (proximity condition). The relative velocity
vector of such a triangle centroid P was calculated from the velocities obtained in section
4.7
vP,Cap−Lun(t) = vA,Cap−Lun(t) + ωCap−Lun(t)×
−→
AP. (5.9)
Hence, vP,21(t) is the velocity of a capitate surface point relative to the surface of the
lunate. The envelope condition was considered satisfied if the unit-length normal vector
and the relative velocity vector of a point P were perpendicular within a tolerance of 5°:
|vP,21•nP |
‖vP,21‖
≤ sin (5◦) . (5.10)
The coordinates of a capitate surface point were stored if both the proximity and the
envelope condition were satisfied.
Figure 5.5 shows the capitate articulating surface points (patient 15259) in four sample
poses between radial and ulnar deviation. Black dots indicate all triangle centroids that
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instantaneously satisfy the proximity criterion. The red dots additionally satisfy the
envelope condition.
Figure 5.5.: Four capitate poses and their instantaneous envelope points (patient 15259, at
timesteps (left to right), t=0, 0.5, 0.9, 1). Black dots indicate triangle centroids
satisfying the proximity condition. The red dots additionally satisfy the envelope
condition.
Table 5.1 shows the number of envelope points collected in each of 10 sample poses equally
distributed throughout the motion. The percentage of points that satisfy the envelope
condition among the ones that satisfy the proximity condition varies considerably across
poses. Imposing the envelope condition in addition to the proximity condition reduces
the mean distance of the identified points, measured to the lunate surface represented
by the lunate triangle centroids (last line in table 5.1).
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t # points C1 # points C1 & C2 Ratio
F 0 1,162 442 0.38
0.1 1,901 684 0.36
0.2 2,311 919 0.40
F 0.3 2,664 1,348 0.51
0.4 3,158 1,044 0.33
0.5 3,392 1,052 0.31
0.6 3,309 1,573 0.48
0.7 3,172 882 0.28
0.8 3,463 270 0.08
F 0.9 4,141 188 0.05
F 1 3,592 273 0.08
0..1 dmean = 0.19± 0.10 dmean = 0.17± 0.09
Table 5.1.: Statistics of selected envelope points in 11 sample poses. The second column in-
dicates how many points instantaneously satisfy the proximity condition (C1); the
second one states how many additionally satisfy the envelope condition (C2); the
third one is the ratio between these figures. Poses marked with a star are depicted
in fig. 5.5. dmean denotes the mean distance of all collected points to the lunate
triangle centroids (mm ± standard deviation).
Throughout the motion, a total of about 50,000 points were collected. These points are
plotted together with the surface of the lunate bone in fig. 5.6.
Figure 5.6.: Patient 15259: Points on the capitate surface that satisfy the envelope condition
in subsequent poses were collected and are shown as red dots. The collected point
cloud approximates the surface of the adjacent articulating surface of the lunate
(blue).
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5.3.2. Results: Estimating instantaneous bone contact area
From a surface kinematics point of view, the computed envelope points are the instan-
taneous contact points between the moving articulating surface and its envelope. If the
lunate surface is the envelope of the moving capitate, the normal contact condition must
also be satisfied: vectors normal to the capitate surface, emanating from the computed
envelope points, must have a parallel counterpart on the lunate surface. For each point
Pe,i on the capitate surface that satisfies both the proximity and envelope condition (red
dots in the four samples poses depicted in fig. 5.5), the straight line along its normal vec-
tor ne,i was calculated. This line passes through the triangular face fk on the opposing
lunate surface. This face and its normal vector nf,k were identified using the algorithm
described in section 3.1. The normal contact condition was considered satisfied if the
vectors ne,i and nf,k were parallel within a tolerance of 15°:
|ne,i•nf,k| ≥ cos (15◦) . (5.11)
Fig. 5.7 shows the articulating capitate surface in the same poses as in fig. 5.5. The red
dots from the latter figure were colored yellow if they additionally satisfied eq. (5.11).
Figure 5.7.: Four capitate poses and their instantaneous envelope points (patient 15259, at
timesteps (left to right), t=0, 0.5, 0.9, 1). Black dots indicate triangle centroids
satisfying the proximity condition; red dots additionally satisfy the envelope con-
dition; yellow dots satisfy the former two and, additionally, the normal contact
condition.
Table 5.2 shows the number of envelope points collected in each of 10 sample poses equally
distributed throughout the motion. The percentage of computed envelope points that
satisfy the normal contact condition is never below 63%. The points that additionally
satisfy the normal contact condition are closer (on average) to the lunate surface (last
line in table 5.2).
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t # points C1 & C2 # points C1 & C2 & C3 Ratio
F 0 442 379 0.86
0.1 684 434 0.63
0.2 919 692 0.75
F 0.3 1,348 1,087 0.81
0.4 1,044 798 0.76
0.5 1,052 959 0.91
0.6 1,573 1,266 0.80
0.7 882 725 0.82
0.8 270 234 0.87
F 0.9 188 161 0.86
F 1 273 215 0.79
0..1 dmean = 0.17± 0.09 dmean = 0.15± 0.09
Table 5.2.: Statistics of selected envelope points in 10 sample poses. The second column indi-
cates how many points instantaneously satisfy both the proximity condition (C1)
and the envelope condition (C2); the third one states how many additionally satisfy
the normal contact condition (C3); the fourth one is the ratio between these figures.
Poses marked with a star are depicted in fig. 5.7. dmean denotes the mean distance
of the capitate points collected in 11 poses to the lunate triangle centroids (mm ±
standard deviation).
5.4. Discussion
The envelope points were calculated from the articulating surface of the capitate and
its motion. Except for the proximity condition, no information on the lunate surface
was incorporated. Nevertheless, the calculated points showed a strong correlation to the
surface of the lunate:
• The collected envelope points on the capitate surface well approximate the lunate
surface (fig. 5.6). This visual impression is confirmed by the result that the selected
envelope points are (on average) closer to the lunate surface than the set of points
that they are chosen from (table 5.1, last line).
• A high percentage of selected envelope points satisfy the normal contact condition
(table 5.2): the region around such a point has a parallel counterpart on the lunate
surface.
These results support the hypothesis that articulating bone surfaces are mutual en-
velopes.
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Investigating bone geometry isolated from bone motion, previous studies could not pro-
vide an undisputed measure of joint congruency: higher-order geometric relationship
(such as principal curvatures) do obviously not exist between bone surfaces. Menschik
was first to couple planar bone contours with bone motion and, instead of a measure
of congruency, found the principal relationship between articulating bone contours. Al-
though Menschik’s work is undisputed and frequently cited, his ideas and findings were
not incorporated in later research - possibly because his main publication [102] was not
translated to English.
In fact, Menschik’s method does not directly incorporate bone motion: motion is derived
from a planar linkage synthesized from anatomic landmarks. His technique relies on such
a linkage, which does not exist for the complex and individual bone motion in the wrist.
Furthermore, Menschik’s technique does not naturally extend from 2D (planar motion
and curves as bone contours) to 3D (spatial motion and bone surfaces). Derived from the
design of cam-follower-mechanism, a generalization of Menschik’s technique is proposed
here; instead of an a-priori developed functional joint model, it incorporates measured
bone geometry and measured motion.
Results on bone surfaces as mutual envelopes were previously published by the author
[4]. In this reference, the utilized input data was different in that, first, unprocessed bone
geometry was employed as articulating surfaces, and, second, Catmull-Rom cubic poly-
nomial splines were calculated between measured bone poses. The techniques described
in the previous sections of this thesis, namely enhanced articulating surfaces (section
3.2) and optimized relative bone motion (section 4), significantly improved the results:
in [4], a maximum of 55% of envelope points satisfied the normal contact condition. The
results in table 5.2 show a minimum percentage of 63%.
Data on bony anatomy have previously been utilized to estimate the area of contact
between adjacent bones in the knee [19], forearm [100] and the wrist [139]. In the latter
two studies, a point on a bone surface is considered to be in contact if its distance to
the opposing surface is below a chosen threshold (ranging from 0.5mm [139] up to 5mm
[100]). Blankevoort et al. [19] have additionally imposed the normal contact condition.
In the envelope methods proposed in this thesis, contact points must satisfy the proximity
condition and the envelope condition. Ideally, Blankevoort’s method and the envelope
approach yield identical results. Practically, the results are, in either approach, strongly
affected by the numerical thresholds chosen for these conditions. It could therefore not
be quantified, to what extend identical points would be chosen. From a computational
point of view, however, the envelope method is superior in that only NF (=number of
faces on the moving bone) operations must be performed to check the envelope condition.
In order to compute normal vectors on a fixed surface (consisting of NE faces) that are
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instantaneously parallel to the normal vectors of a moving surface (NF faces), a brute-
force algorithm takes NF ·NE operations.
Both Blankevoort’s and the envelope method have in common that the resulting contact
area is significantly confined compared to methods based on pure proximity (table 5.1).
The large variability of the chosen point ratio indicates that the size of the contact area
changes throughout the interpolated poses: in some poses, the contact points form a line
(fig. 5.6, right two subfigures); in others, the contact area resembles a point contact (fig.
5.6, right two subfigures). This matches theory: moving surfaces are either in point or
in line contact3. However, since the bone motion is interpolated between key poses, the
contact in some in-between poses does not resemble either of these (second subfigure in
fig. 5.6).
For technical applications, a surface could be fitted to the collected cloud of subsequent
contact points. For instance, the articulating surfaces of patient-tailored implants could
be designed in such a way.
3According to one possible definition (section 1.3), this constitutes a higher pair.
6. Motion and force transmission
among articulating surfaces
Engineers strive towards energy-efficient and durable machines. Modeling the interac-
tion of moving machine parts as a higher-pair contact, key figures can be computed
to quantify how efficiently energy is transmitted between these parts. In the following
chapters, these key figures are identified. Their computational procedures, developed
for mechanical engineering applications, are analyzed and enhanced such that they can
be applied to articulating surfaces. Utilizing the results obtained in the previous chap-
ters, the conditions of motion and force transmission between wrist bones are finally
evaluated.
6.1. Motion transmission
6.1.1. Introduction
One property of a contact situation between two rigid bodies is the contact velocity.
Kinematically, this is the relative velocity of the bodies in the points where they instan-
taneously touch. Intuitively, it is the velocity at which interacting surfaces slide about
one another. The contact velocity is an important criterion in the design and analysis
of machinery: because a higher contact velocity means increased contact friction, this
measure requires special consideration in an efficient machine with minimum wear.
It was derived in the previous chapter that the contact velocity vector between two curves
or surfaces must always be directed tangentially along the curve or surface (eq. (5.7)). In
the present chapter, it is shown that, instead of computing numeric values for the length
of such a vector, it is more intuitive to characterize the instantaneous contact situation
by the location of the instantaneous pole (2D) or the instantaneous screw displacement
axis (3D).
Calculating these kinematic entities is a well-established approach in mechanical engi-
neering as well as in biomechanics. For the knee joint (approximated as a 2D curve-curve
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joint), the trace of the instantaneous pole between femur and tibia has been estimated
and analyzed in a series of studies, which are briefly recapitulated in section 6.1.4. For
the spatial case of wrist bone surfaces, relative screw displacement axis have been uti-
lized, for example, to quantify the contribution of specific wrist bones to the global wrist
motion from their respective rotation angle about relative axes [82, 111, 154]. In these
studies, the screw displacement parameters are calculated between only a small number
of measured poses (ranging from 3 [82] to 6 [111]) throughout the range of motion. Doing
so, substantial insight into overall wrist functionality is gained. However, the articula-
tion of two moving bone surfaces is rather characterized by their instantaneous screw
displacement axis, which must be calculated from a quasi-continuous series of relative
bone poses instead of poses sparsely spread throughout the range of motion.
Based on the reconstructed relative bone motion (chapter 4) and the contact points of
articulating bone surfaces (chapter 5), the contact velocity in a bone-bone contact can
now be investigated.
Contributions This section presents
• a kinematic reasoning for the contact velocity in a bone-bone contact
• results suggesting that wrist bone surfaces do not roll over one another.
6.1.2. Contact velocity in kinematics
The planar relative motion of two bodies is instantaneously pinpointed by the location
of their relative pole. Consider a fixed curve 0 and a moving curve 1 in contact at point
C (fig. 6.1, left). It was shown in the previous section that, for the curves to remain in
contact, they must be mutual envelopes. Since the contact velocity vector points along
the curve tangent in C, the pole P10 of the two curves is located on the contact normal.
Furthermore, the contact normal passes through the curvature centres C0 and C1. These
are the centres of the two circles that have the zeroth, first and second curve derivative in
common with curves 0 and 1, respectively, evaluated at C. Instantaneously, the contact
velocity vanishes, if the pole coincides with the contact point, P10 = C. In this case
the two curves roll over one another and, after a finite displacement, the arc lengths of
segments traversed on both curves are equal.
If, in another case, the pole coincides with the curvature centre of the moving curve,
P10 = C1, the coordinates of the contact point C remain constant with respect to a
frame attached to curve 0; after a finite displacement, the traversed arc length of curve
0 is zero. This principle holds true for the reversed case P10 = C0. The relative motion
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Figure 6.1.: Left: Two curves in contact (point C) and their curvature centres C0 and C1.
Right: Values of λ as a function of the pole location.
performed in these two cases is referred to as sliding. A measure λ for the amount of
rolling and sliding can be calculated from the velocities of C with respect to curves 0 and
1, respectively1 [79]. Instead from velocities, λ can be computed from the pole location:
λ = 1−
|P10C|
|P10C1|
|C0C|
|C0C1|
. (6.1)
Fig. 6.1 (right) shows the values of λ varying with the pole location. For pure rolling
(P10 = C), λ = 1. Pure sliding means that λ = 0 or λ = ∞ (P10 = C0 and P10 = C1,
respectively).
If a fixed curve is given as a function (x(φ), y(φ)), a moving curve can be constructed
such that it keeps contact with the fixed curve while it rotates about φ and satisfies a
prescribed function λ(φ) [23, 79]. To this end a first-order differential equation must be
solved. If λ(φ) = 1 (pure rolling), the fixed curve is the fixed centrode2 and the moving
curve is the moving centrode (fig. 6.2, left) [23].
1This number appears in [23] with its German name Rollgleitzahl.
2The centrode is the curve that appears when the instantaneous pole of two planes is traced with
respect to a coordinate system that is either considered fixed or moving.
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Figure 6.2.: Left: A parabola (blue) is chosen as the fixed centrode. The red curve as moving
centrode is the solution of a first-order differential equation and rolls about the
parabola. Right: A cam-and-follower in rolling contact. The pole P21 remains in
the contact point if the curve contour lengths are identical.
According to Reuleaux’ definition, the group of planar lower pairs comprises the rota-
tional and translational joint. For either of these, the instantaneous relative pole of the
connected bodies is determined: it is either located at the connection point (rotational
joint) or at infinity (translational joint). If the bodies move with respect to one another,
this leads to a contact velocity that is either constantly zero or constantly non-zero,
respectively. For a planar higher-pair joint, such as a curve-curve joint, the pole can be
located anywhere on the contact normal and the contact velocity can therefore have any
value.
In spatial kinematics, the instantaneous screw axis of a lower pair (screw joint) is uniquely
defined. As in the planar case, a higher pair (e.g. a surface-surface joint), needs closer
investigation: the screw axis cannot be foreseen and must be calculated from the actual
relative motion of the connected bodies. This means, again, that the contact velocity
may instantaneously assume any value.
Fig. 6.3 shows a surface 1 moving with respect to another surface 0. The relative velocity
of a point A on surface 1 is calculated from the direction and location of the instantaneous
screw displacement axis s10:
vA,10 = ω10 × rA + d˙s10 = θ˙ s10 × rA︸ ︷︷ ︸
vA,10,rot
+ d˙s10︸ ︷︷ ︸
vA,10,trans
, (6.2)
where rA is a vector from the screw axis to the considered point A. The angular velocity
vector ω10 points along the screw axis; hence, the velocity vA,10 consists of two mutually
perpendicular vectors
vA,10 = vA,10,rot + vA,10,trans. (6.3)
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Figure 6.3.: Two surfaces in contact. s10 is the instantaneous screw displacement axis.
Since they are orthogonal, these components cannot add up to zero. For a vanishing
contact velocity, they must therefore vanish identically. This means, that the contact
velocity is zero if, and only if,
rA = 0 and d˙ = 0. (6.4)
6.1.3. Contact velocity in technical applications
Rolling is desired between the parts of moving machinery for the reasons stated above.
The technique that leads to fig. 6.2 (left) can be used to construct the contour of a
moving machine part 2 that is desired to be in pure rolling contact with another moving
part 1 (fig. 6.2, right) [131]. The traversed arc lengths on both curves are equal. However,
continuous rotation is only possible if both curves are closed; since only a pair of ellipses
satisfies this condition [131], such parts play only a minor role in technical applications.
More commonly, for instance in the design of planar cam-follower mechanisms, an addi-
tional part (roller) is included in the mechanism in order to constrain all relative poles
to the contact points (fig. 6.4). This means that a higher pair with undetermined pole
location is replaced by two lower pairs with determined pole locations. Rules on the cam
and roller geometry [149] must be obeyed to make rolling feasible.
In contact situations where an additional roller is not possible, non-zero contact velocity
must often be accepted, e.g. in meshing gear wheels. The behaviour of the contact
velocity affects the fatigue behaviour of gears [3] and must therefore be taken into con-
sideration in the design of tooth flanks.
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Figure 6.4.: Cam-follower mechanism (left) with additional follower (right): The roller (part
4) in included to reduce the contact velocity in the curve-curve joint between cam
(part 1) and follower (part 2). Figures reproduced from [37].
Contact between bodies with spatial relative motion appears in spherical and spatial3
cam-follower mechanisms (fig. 6.5). The conditions for rolling contact between cam and
roller are stated in eq. 6.4: first, the instantaneous relative screw displacement axis must
pass through the contact point and, second, the translational velocity along this axis
must vanish. For planar mechanisms, both conditions are satisfied if the instantaneous
pole and the contact point coincide. It was shown by Dittrich [47] that spherical cam-
follower mechanism can also continuously satisfy these conditions. From these rules,
Dittrich [47] and Zakel [159] derived possible roller geometries with minimum wear in
spherical mechanisms. In spatial cam-follower mechanisms, however, the contact velocity
between cam and roller does usually not vanish continuously since a velocity component
along the roller axis occurs leading to axial slip [119, 159].
The ratio λ defined in eq. (6.1) is a suitable dimensionless indicator for the motion
transmission among articulating planar curves, such as planar cam-follower mechanisms.
In a spherical or spatial mechanism featuring a roller, one approach is to reduce the
contact velocity component along the roller axis [119, 159]. However, for a mechanism
with surface-surface interaction, such a number or criterion cannot be set up; it can
merely be determined whether or not the contact velocity vanishes.
6.1.4. Contact velocity between femur and tibia (2D)
In 1904, Zuppinger [163] calculated the pole curves between femur and tibia from planar
x-ray scans. Subsequent investigations [70, 106] were particularly motivated by the de-
mand for lower leg prostheses after the world wars. The largest study, with pole curves
of 88 patients, was published by Nietert in 1975 [118].
3In a spherical mechanism, the translational component along all screw axes are constantly zero.
Furthermore, all screw axes (or rotation axes, in this case) continuously intersect in one point. A
non-planar mechanism that does not satisfy both of these conditions is a spatial mechanism.
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Figure 6.5.: Examples for a spherical (left) and a spatial cam-follower mechanism (right). Fig-
ures reproduced from [37].
Figure 6.6.: Pole curves during knee flexion. P is the centrode with respect to the femur
(Oberschenkelbein), pi the centrode with respect to the tibia (Schienbein). Index 0
indicates an extended knee, 10 a fully bent knee (flexion angle 100°). The patella
(not shown) is located to the left. Figure reproduced from [70].
Since many patients were examined with a large variety of measurement protocols, the
published pole curves vary considerably. It is, however, undisputed that the pole curves
do not resemble the bone contours. This means that femur and tibia do not roll over
another. It was speculated [118] that the pole curve P in fig. 6.6 with respect to the
femur resembles the evolute4 of the femur contour. This implies that the tibial contact
4The evolute of a curve is the locus of all its curvature centres.
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point remains constant during flexion and λ ≈ 0. Other values for λ have been reported
and debated, e.g. λ = 0.63..1.15 [104] and λ = 0.25 [103].
6.1.5. Results: Contact velocity between wrist bone surfaces (3D)
An approximation of the relative motion between lunate and capitate was calculated in
chapter 4. From this relative motion, the instantaneous screw axis (ISA) parameters
were computed according to [147]. Numeric values for the contact velocity, however, are
not reasonable since each motion was constrained to the time span t = 0..1 in eq. 4.22.
Hence, only the location and direction of the instantaneous screw axis is shown during
the motion. Patient 15259 was chosen for demonstration.
To quantify the rotational and translational part of an instantaneous screw motion, a
capitate-fixed reference point C was chosen, located centrally on the surface. In each pose
shown in fig. 6.7, the rotational and translational components of the relative velocity
vC,Cap-Lun,rot and vC,Cap-Lun,trans were calculated. The widths of the arrows indicating
the screw displacement were chosen according to the magnitude of these components: if
both arrows are equally thick in one pose, then ‖vC,Cap-Lun,rot‖ = ‖vC,Cap-Lun,trans‖. The
arrow lengths were chosen according to the magnitude of the instantaneous angular and
translational velocity: if the (circular) arrows are equally long in two poses, respectively,
the (angular) velocities are of equal magnitude.
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Figure 6.7.: ISA during radio-ulnar deviation between capitate (red, moving) and lunate (blue,
fixed). The screw axis is drawn orange. The arrows indicate the rotational and
translational component of the instantaneous screw displacement. In one pose, the
rotational and translational arrow are equally thick if they produce equal velocity
components in a chosen reference point located centrally on the capitate surface.
Across poses, the arrow length and the (angular) velocity are proportional.
6.1.6. Discussion
In the general case, two articulating surfaces instantaneously either share a point or a
line5. Pure rolling occurs in a point contact if and only if the ISA passes through this
point and the velocity component along this axis vanishes. For a line contact, these
5As mentioned in section 5.1, area contact occurs in a mobile surface-surface joint only if the two
surfaces are concentric spheres.
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conditions hold; in this case, the ISA must pass through all contact points and, as a
consequence, pure rolling can only occur if the contact line is straight and coincides with
the ISA.
In fig. 6.7, these conditions are never satisfied and, hence, the bone surfaces do not
smoothly roll over one another in these poses. The author has previously published
similar results for other patients and pairs of wrist bones [5]. As a conclusion, it can be
stated that the contact velocity of articulating wrist bone surfaces is non-zero when the
hand moves with respect to the forearm.
From an engineering point of view, pure rolling is desirable between articulating surfaces
in order to minimize friction and wear. However, this requires that the arc lengths of
two articulating planar curves are equal (fig. 6.2). For given contours of femur and tibia
(fig. 6.6), pure rolling reduces the possible flexion angle. This intuition holds true for
more complex joint motion: pure rolling between given surfaces confines the joint range
of motion compared to the case when slip is allowed.
Another possible reason for the identified pole locations could be the force transmission
associated with it: it was speculated [102] that the centrodes shown in fig. 6.6 allow for
standing up from a full squat with approximately constant muscle force.
Compared to previous studies on relative screw displacement axis between wrist bones
(e.g. [82, 111, 154]), the results shown in fig. 6.7 are more meaningful since the axis, an
instantaneous entity, was really calculated from first-order kinematics instead of sparsely
available measured poses.
One conclusion of these studies was that the bone displacements along the screw axes is
small and is therefore neglected in subsequent studies [58]. The results shown obtained
for patient 15259 indicate otherwise: in a point C, chosen in the center of the capitate
surface, the mean of the ratio vC,transvC,rot was 0.32. The contact velocity calculated from the
ISA parameters without the translational component would hence be about 32% off.
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6.2. Force transmission
6.2.1. Introduction
When two surfaces are in contact, they exchange forces. The way such forces are transmit-
ted across surfaces articulating in a diarthrodial joint is still an open research question.
To answer this question, computational approaches mainly use FE analyses of deformable
cartilage surfaces under specified conditions (see section 1.2). Experimental studies uti-
lize force transducers on bone surfaces ex-vivo [133] or instrumented prosthesis in-vivo
[44, 69]. However, none of these approaches is a direct representation of reality (healthy
human beings, that is).
Benninghoff [15] found a column-pattern in cartilage layers. From this and from the fact
that the cartilage surface is nearly frictionless, he concluded that forces across cartilage
surfaces are only transmitted in normal direction. Using his planar four-bar linkage syn-
thesizing the relative motion in the knee (fig. 5.1), Menschik [102] proved this hypothesis
from a kinematic point of view. His rationale, however, is only valid for the 2D case.
In the kinematic analysis of a higher-pair contact, the contact surfaces are considered
rigid. Hence, numeric values for contact forces cannot be computed. Nevertheless, in-
sight into the conditions of force transmission can still be obtained using mechanical
engineering methods.
Contributions This section presents
• a kinematic reasoning for the direction of contact forces in a surface-surface joint
• the pressure angle, well-established in mechanical engineering, as a suitable measure
for the efficiency of force transmission in a surface-surface joint
• values of the pressure angle between the lunate and capitate surface during the
hand motion (radial to ulnar deviation, flexion to extension, combined motion).
6.2.2. Constraint force in a surface-surface joint
The constraint in a surface-surface joint states that the contact velocity must be directed
tangentially to the two surfaces in contact. This is the envelope condition eq. (5.7):
vC • nC = 0.
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From a multibody dynamics point of view, the envelope condition forms a non-holonomic
constraint [120, 135, 153]: it constrains the relative velocity vC of the contact point C,
but not directly its position. Whether holonomic or not, this constraint comes with a
force directed along the constrained direction. Hence, it follows that this constraint force
in a surface-surface joint must be directed along the instantaneous contact normal.
Other forces, caused by friction etc., may also occur in a contact point. However, such
forces are active forces, not constraint forces [153].
6.2.3. Force transmission in technical applications
How well forces are transmitted in a mechanism is described by the transmission angle
µ or the pressure angle δ.
In a planar four-bar linkage (fig. 6.8), the transmission angle µ is defined as the angle
between the coupler (2) and the rocker (3):
µ = ]
(
AB,B0B
)
, 0 ≤ µ ≤ 90◦. (6.5)
This is because the coupler (as the driving part) exerts a force on the rocker (as the
driven part), which is directed along the central axis of the coupler.
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Figure 6.8.: Transmission angle µ in a four-bar linkage.
This principle holds for a planar higher pair: the transmission angle in an oscillating
cam-follower mechanism (fig. 6.9) is the angle between the normal on the vector from
the contact point to the ground joint of the driven link and the instantaneous contact
normal [149]:
µ = ]
(
B0C, nC
)
. (6.6)
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As for the linkage, the reason for this choice is that the force transmitted to the follower
points along the normal vector nC .
1 
2 
3;0 A0 
φ 
B0 
C 
n 
m 
d 
· 
Figure 6.9.: Transmission angle µ and pressure angle δ in a planar cam-follower mechanism.
The transmission angle indicates what part of the force, transmitted from the driving to
the driven link, is converted to an acceleration of the latter. The motion of the driven
link is, however, constrained by joint B0 in fig. 6.8 and fig. 6.9. This joint absorbs
the remaining part of the transmitted force. If the transmission angle is 90°, the entire
contact force accelerates the link. If the transmission angle is zero, the contact force
passes through the ground joint, which is the velocity pole of the driven link: instead of
moving the driven link, the entire force is led to the ground and the mechanism jams.
Hence, the transmission angle should be close to 90° for a smoothly-running mechanism.
In technical applications, it is required that µ ≥ 45◦..60◦ [131, 149] at any given time.
Instead of the transmission angle µ, the pressure angle δ can be used [125, 131]. It can
be seen from fig. 6.9 that, in a planar system, these two angles are simply related by
µ+ δ = 90◦, (6.7)
and the lower bounds for µ can easily be converted to upper bounds for δ.
The pressure angle of two gears in mesh, defined similarly, is calculated from their base
and pitch circles [125].
The outlined principle holds true for a spatial cam-follower mechanism; forces are ef-
ficiently transmitted if a large part of the contact force points accelerates the driven
link and only a small part is led to the ground. However, instead of a rotation about a
point, the parts in contact now perform screw motions. Consequently, the relationship
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between µ and δ, eq. (6.7), becomes more complicated. It was shown by Zakel [159] and
Niggemann [119] that only the pressure angle δ remains as a reasonable measure for the
efficiency of force transmission in a spatial cam-follower mechanism. Its definition for
the spatial case is a direct implementation of its physical effect: δ is the angle between
the contact normal (force direction) and the velocity vector of the contact point with
respect to the ground [32, 119, 159]:
δ = ]
(
vC,0, n
)
, 0◦ ≤ δ ≤ 90◦. (6.8)
As a general formulation, eq. (6.8) holds true for the planar case, too.
If the pressure angle is close to zero, a large part of the contact force accelerates the driven
body: the force transmission is efficient. A high pressure angle means that large forces
must be transmitted to achieve a certain relative acceleration: the bodies in contact tend
to lock up.
Finally, it is noted that the choice of driving and driven part is not relevant; the directions
of the vectors in eq. (6.8) are identical in either case.
6.2.4. Results: Force transmission across wrist bones
Using eq. (6.8) the pressure angle between two arbitrarily moving surfaces in contact
can be calculated. The necessary input consists of the contact points, their unit-length
normal vectors, and their absolute velocity. The contact points between the capitate
and the lunate are one result of chapter 5. As mentioned in section 1.4, the wrist
motion is globally represented by the motion of the capitate with respect to the radius
(forearm). Hence, the velocity of the contact points with respect to the radius was chosen
as their absolute velocity and, in each pose, the pressure angle was computed for every
instantaneous contact point C according to:
δ = acos
|vC,Cap−Rad•nC |
‖vC,Cap−Rad‖
. (6.9)
Figures 6.10-6.11 show the pressure angles between capitate and lunate for patients 15259
(ulnar-radial deviation), 24117 (combined motion) and 56762 (flexion-extension).
In each pose 0 ≤ t ≤ 1, a box frames the 25th and 75th percentiles and the central mark
is the median.
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Figure 6.10.: Pressure angles patient 15259 in several poses 0 ≤ t ≤ 1. Diamonds indicate key
timesteps associated with measured bone poses. The large diamond indicates the
neutral pose.
Figure 6.11.: Pressure angles patient 24117 in several poses 0 ≤ t ≤ 1. Diamonds indicate key
timesteps associated with measured bone poses.
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Figure 6.12.: Pressure angles patient 56762 in several poses 0 ≤ t ≤ 1. Diamonds indicate key
timesteps associated with measured bone poses. The large diamond indicates the
timestep of the neutral pose.
6.2.5. Discussion
The pressure angle was identified as a suitable measure for the efficiency of force transmis-
sion across articulating surfaces in a diarthrodial joint. It was derived how the pressure
angle can be calculated from the geometry and motion of articulating surfaces. Calcu-
lating the pressure angle in articulating surfaces is a novel method in biomechanics.
The pressure angle values, calculated between the surfaces of capitate and lunate, vary
considerably during the hand motion.
Figure 6.10 shows that the mean value is close to its maximum value when the hand is
deviated towards the ulna. Approaching the neutral position, the median value drops.
When the hand is deviated towards the radius, it finally increases to high values.
Figure 6.11 shows the pressure angle during the combined motion, in which the neutral
position is avoided. The median pressure does not show a drop as significant as during
ulnar-radial deviation. This observation agrees with the previous observation stating
that the pressure angle is higher when the hand is deviated from the neutral pose.
Figure 6.12, however, does not fit the picture: no characteristic trend can be extracted.
From an engineering point of view, it seems favourable that the pressure angle between
wrist bones is not constant throughout the range of motion. In hand positions close to
the limits of the range of motion, high values close to 90° seem desirable. This means
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that bones would tend to lock up at the edge of the hand’s workspace; instead of inducing
a further (possibly painful) hand movement, an external force applied to the hand would
be transmitted to the forearm (e.g. when doing push-ups in full extension). Halfway into
the range of motion (close to the neutral position), low values seem preferable: the bones
would be more mobile and everyday activities, e.g. handwriting, could be accomplished
at low muscle forces.
The results obtained from patients 15259 and 24117 (figures 6.10 and 6.11) support this
hypothesis. No conclusions, however, can be drawn from the results for patient 56762
(fig. 6.12). Clearly, more patients and bone pairings need to be investigated before
valid conclusions on the pressure angle during the joint motion can be drawn. The
methodology provided in this chapter paves the way for such new findings.
7. Conclusion
This thesis provides a series of methods and computational procedures for the kinematic
analysis of articulating surfaces in diarthrodial joints. With measured bone shapes and
poses as input, this methodology enables one to calculate key figures quantifying the
interaction between articulating surfaces.
Specific contributions of this thesis include:
• The identification of the contact velocity and the pressure angle as key
figures for surface-surface interaction.
• Kinematic derivations of these key figures pointing out their close relationship
to higher-pair joints known from classical kinematics.
• Computational procedures such that these key figures can be calculated without
restrictions on the shape of investigated surfaces or the motion that they perform.
• A novel approach to estimate the bone contact area based on envelope
theory.
• Methods to process in-vivo measured data such that they can be fed to the
procedures of kinematic analysis. These methods include
– A refined method to infer the geometry of articulating surfaces from measured
bony surfaces
– A novel method of parametric coordinate-independent key frame interpolation
– The combination of contact computation and parametric interpolation in an
optimization routine.
The key advancement of this thesis is twofold: firstly, mechanical engineering approaches
are straight-forwardly enhanced and adapted for the analysis of diarthrodial joints. Sec-
ondly, bone surface geometry and bone motion are not treated separately: both are
concurrently incorporated into the workflow, thereby exploiting all data obtained in an
experiment (be it in-vivo or ex-vivo).
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The proposed methodology highlights that the concurrent use of surface and motion data
is a prerequisite for true kinematic (first-order geometric) analyses: the computation of
the contact velocity and pressure angle values requires bone velocity and contact points
as input. Contact points were computed by the envelope method, which, in turn, utilized
surface and motion data.
Kinematic analyses require displacement data sampled at a high frequency because rela-
tive bone velocity is a necessary input. Since quasi-continuous bone motion can currently
not be measured in-vivo, the proposed reconstruction of quasi-continuous bone motion
is essential. Such a method is a key advancement towards new findings on joint func-
tionality in terms of instantaneous characteristics of force and motion transmission.
Applied to in-vivo measured data of wrist bones, new findings on wrist kinematics in-
clude
• that articulating surfaces are not incongruent. They are mutual envelopes.
• where the contact points between surfaces are located.
• that the contact velocity between bone surfaces does, in general, not vanish. Ar-
ticulating surfaces do not roll over one another.
• a hypothesis on pressure angle values as a function of wrist posture.
This framework does not impose any limitation on the measured input data. Therefore,
it can be applied to adjacent bones in any joint without modification and is ready for
patient-specific investigation. Towards personalized medical care, the methodology can
be used to quantify how well a surgical procedure or an implant restores the physiological
joint functionality.
The proposed scheme of rigid-body interpolation may find application in fields far beyond
biomechanics. It may, for instance, prove useful for robot trajectory planning or computer
animation.
The major limitation of the proposed methodology is that the articulating surfaces are
regarded as rigid. In reality, stiff bone surfaces are cushioned by elastic cartilage. With
the computational power and cartilage models available today, it is left for future work
to overcome this limitation.
The methods proposed to prepare in-vivo measured data for the kinematic analysis (chap-
ters 3 and 4) are prone to errors in the input data. Errors in bone surfaces and poses lead
to incorrect articulating surfaces and errors in the reconstructed motion. It is expected
that more accurate input data would increase the quality of the results. Specifically, more
accurate medical imaging techniques, the resolution of cartilage, and scans of more joint
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postures are desirable. Clinically most relevant new findings, for example on pressure
angles between articulating surfaces, could be derived: the methodology proposed in this
thesis paves the way towards them.
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A. Algorithm to estimate the local
cartilage thickness
Algorithm 1 Estimate local cartilage thickness
Input: surfaces E,F with faces ei (i = 1..NE), fj (j = 1..NF ); poses CTHE,p, CTHF,p,
p = 1..P
Output: cartilage location i∗ and thickness δi
for each pose p = 1..P do
calculate Ep, Fp with centroids Pe,i,p, Pf,j,p and normals nE,i,p, nF,j,p
find i∗p ⊂ i with EuclideanDistance(Pe,i∗p , Pf,j) ≤ 2 mm
for each point i ∈ i∗p do
fk ← index of face on F that intersects with nE,i,p
if intersection face fk exists then
calulate se,i,p according to eq. (3.4)
else
for each face j = 1..NF do
calculate vi,j according to eq. (3.6)
end for
identify fk according to eq. (3.7)
calculate se,i,p according to eq. (3.5)
end if
end for
end for
δi = 12 minp se,i,p
i∗ = ⋃
p
i∗p
For the function EuclideanDistance in algorithm 1, the function knnsearch, readily im-
plemented in Matlab R2013a, was employed. It efficiently identifies the nearest neigh-
bours in point clouds using a kd-tree [59].
B. Quaternion algebra and quaternions
in geometry
This section gives a brief overview over basic quaternion properties and their relation to
geometry. More details and thorough derivations can for instance be found in [20] and
[52].
B.1. Quaternion algebra
Let the quaternion q be a four-tuple of real numbers w, v1, v2, v3:
q =
w
v
 = w + v1i+ v2j + v3k = w + v. (B.1)
Quaternions add element-wise:
q1 ± q2 =
w1
v1
±
w2
v2
 =
w1 ± w2
v1 ± v2
 . (B.2)
With the multiplication of the primitives i, j, k defined as i2 = j2 = k2 = −1, ij =
−ji = k, jk = −kj = i, ki = −ik = j, the quaternion product can be written as [20]
q1q2 =
w1
v1
w2
v2
 = (w1 + v1) · (w2 + v2) =
 w1w2 − v1•v2
w1v2 + w2v1 + v1 × v2
 . (B.3)
From this definition, it is obvious that the quaternion product is distributive and asso-
ciative; due to the cross product, it is however not commutative, unless the vectors v1
and v2 are parallel.
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B.2. Quaternions and rotation
Quaternions represent a spherical displacement (rotation) if and only if they are unit-
length:
q•q = w2 + v•v = 1. (B.4)
with the four Euler parameters w, v1, v2, v3. The quaternion can then be written as
AqB =
 cos θ2
Au sin θ2
 = cos θ2 + Au sin θ2 . (B.5)
The unit-length vector Au points along the rotation axis and θ is the rotation angle. It
is obvious from this definition that the inverse rotation is
Aq−1B = cos
−θ
2 +
Au sin −θ2 = cos
θ
2 −
Au sin θ2 . (B.6)
Considering eq. B.6 on the one hand and BqA = cos −θ2 + Bu sin
−θ
2 on the other, it is
obvious that the components of u remain unchanged during the rotation: Au = Bu.
This result is important in eq. 4.33, where the key angular velocity vector is obtained as
a weighted sum of vectors expressed in different coordinate systems.
Subsequent rotations are represented by multiplied quaternions:
AqC = AqBBqC . (B.7)
This product is commutative if and only if the subsequent rotation axes are parallel, as
it is the case with rotation matrices.
A vector r, expressed in system B, can be transformed to system A with the quaternion
product: 0
Ar
 = AqB
 0
Br
 Aq−1B . (B.8)
It follows that the relationship between an orientation and quaternions is ambiguous:
q
0
r
 q−1 = −q
0
r
(−q−1) . (B.9)
Obviously, q and −q represent the same rotation. This must be accounted for when
expressing an orientation as a quaternion.
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Conversion: quaternion to rotation matrix The rotation matrix written in terms of
the Euler parameters is [120]:
R = 2 ·

w2 + v21 − 12 v1v2 − wv3 v1v3 + wv2
v1v2 + wv3 w2 + v22 − 12 v2v3 − wv1
v1v3 − wv2 v2v3 + wv1 w2 + v23 − 12
 . (B.10)
Conversion: rotation matrix to quaternion The fact that the rotation axis compo-
nents are identical in the fixed and the moving system Au = Bu means mathematically
that the rotation axis is an eigen vector of ARB. Specifically, u is the eigen vector as-
sociated with the eigen value λ = 1; the rotation angle θ appears in the remaining two
eigen values and can be calculated from the matrix trace [101].
Instead of solving the eigen value problem, the quaternion associated with ARB can be
computed from a system of non-linear equations [153]: eq. (B.10) yields, together with
the unit-length condition eq. (B.4), ten equations to compute the four quaternion el-
ements. This is feasible in many different ways; which one to choose depends on the
matrix elements that are close to zero.
Since an orientation (and hence a rotation matrix) is coupled with two quaternions (±q),
one more condition must be imposed to achieve a unique relationship. Frequently, one
solution is chosen by demanding that w ≥ 0. This restricts the conversion (and an in-
terpolation that might possibly follow) to one hemisphere of the 4D hypersphere formed
by eq. (B.4).
A numerically stable algorithm reported by Sheppard [136] and described by Woernle
[153] is given below. The function SubscriptMax returns the subscript 0..3 of the maxi-
mum input value.
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Algorithm 2 R2Quat
Input: Rotation matrix R with elements R11...R33
Output: Unit-length quaternion q
R00 ← R11 +R22 +R33
k ← SubscriptMax (|R00|, |R11|, |R22|, |R33|)
ek ← +12
√
1 + 2Rkk −R00
if k == 0 then
e1 ← 14e0 (R32 −R23)
e2 ← 14e0 (R13 −R31)
e3 ← 14e0 (R21 −R12)
else if k == 1 then
e0 ← 14e1 (R32 −R23)
e2 ← 14e1 (R21 +R12)
e3 ← 14e1 (R13 +R31)
else if k == 2 then
e0 ← 14e2 (R13 −R31)
e1 ← 14e2 (R21 +R12)
e3 ← 14e2 (R32 +R23)
else if k == 3 then
e0 ← 14e3 (R21 −R12)
e1 ← 14e3 (R13 +R31)
e2 ← 14e3 (R32 +R23)
end if
q ← (e0, e1, e2, e3)T
if e0 < 0 then
q ← −q
end if
C. Slerp derivative and angular velocity
It is [40]:
d
dt slerp
(
0qA,1, 0qA,2; t
)
= 0qA,1
(
0q−1A,1 0qA,2
)t
log
(
0q−1A,1 0qA,2
)
. (C.1)
To illustrate this formula, consider slerp a quaternion function:
0qA(t) = slerp
(
0qA,1, 0qA,2; t
)
= 0qA,1
(
0q−1A,1 0qA,2
)t
=
= 0qA,1
(
cos θ2 +
A,1u sin θ2
)t
=
= 0qA,1
(
cos θ(t)2 +
A,1u sin θ(t)2
)
. (C.2)
θ is the angle between 0qA,1 and 0qA,2 and θ(t) = tθ. Differentiation yields
d
dt
0qA(t) = 0qA,1
[
θ˙(t)
2
(
− sin θ(t)2 +
A,1u cos θ(t)2
)]
. (C.3)
It is 0
u
0
u
 =
−1
0
 (C.4)
and with (1,0)T being the neutral element of quaternion multiplication
d
dt
0qA(t) = 0qA,1
 0
A,1u
 θ˙(t)
2
 0
A,1u
 sin θ(t)2 + cos θ(t)2
 =
= 0qA,1
 0
A,1ω(t)
 A,1qA(t) = 0qA,1 A,1qA(t)
 0
A,1ω(t)
 =
= 0qA(t)
 0
A,1ω(t)
 . (C.5)
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The commutativity of the product
 0
A,1ω(t)
 A,1qA(t) can be verified by expansion. Re-
substituting 0
A,1ω(t)
 =
 0
A,1u
 θ˙(t)
2 =
 0
A,1u
 θ
2
1
s
(C.6)
shows that the angular velocity is constant.
With this derivation, eq. (C.1) becomes
d
dt slerp
(
0qA,1, 0qA,2; t
)
= 0qA,1
(
0q−1A,1 0qA,2
)t 0
A,1ω
 = 0qA(t)
 0
A,1ω
 . (C.7)
D. Linear interpolation is independent
of coordinates
We choose one body-fixed reference system A and describe its key poses with respect to
a world-fixed system 0. The created in-between results are independent of these chosen
reference systems, if and only if the interpolation is bi-invariant: when a transformation is
applied to either the world-fixed or to the body-fixed reference system, the transformation
must hold for the in-between results.
D.1. Linear interpolation of position (3D)
Let dA1, dA2 and p be vectors of R3. We consider a linear interpolation between the
position vectors dA1, dA2 representing a pure translation of a rigid body fixed to system
A:
lin (dA1, dA2; t) = dA1 · (1− t) + dA2 · t, 0 ≤ t ≤ 1. (D.1)
Changing reference frames means a translation of dA,i by adding another vector p.
Since vector addition is commutative p may represent a translational displacement of
the moving frame, of the fixed frame or the sum of both.
lin (dA1 + p, dA2 + p; t) = (dA1 + p) · (1− t) + (dA2 + p) · t =
= lin (dA1,dA2; t) + p. (D.2)
Hence, lin is bi-invariant.
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D.2. Linear interpolation of orientation (4D)
Consider an interpolation of the quaternions 0qA1 and 0qA2:
slerp(0qA1, 0qA2; t) =
sin (1− t)θ
sin θ ·
0qA1 +
sin tθ
sin θ ·
0qA2
cos θ = 0qA1•0qA2, 0 ≤ t ≤ 1 (D.3)
It is for three unit-length quaternions q1, q2, p [40]:
(pq1) • (pq2) = (q1p) • (q2p) = q1•q2. (D.4)
Rotation of the fixed frame 0 Orientations with respect to a new fixed frame 0′ are
given by:
0′qA1 = 0
′q0 0qA1, 0
′qA2 = 0
′q0 0qA2. (D.5)
Using eq. (D.4), it is
slerp(pq1,pq2; t) =
sin (1− t)θ
sin θ p q1 +
sin tθ
sin θ p q2 =
= p slerp(q1,q2; t). (D.6)
Rotation of the moving frame A Orientations with respect to a new moving frame B
are given by:
0qB1 = 0qA1 AqB, 0qB2 = 0qA2 AqB. (D.7)
Similar to eq. (D.6), it follows from eq. (D.4)
slerp(q1p,q2p; t) = slerp(q1,q2; t)p. (D.8)
Hence, slerp is bi-invariant.
The mathematical proof of eq. (D.4), provided by [40], is somewhat lengthy; its geometric
intuition, however, is simple: θ is the angle between q1 and q2. Rotating the fixed or
moving frame affects the absolute orientation represented by these two quaternions. Their
relative angle remains unaltered.
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D.3. Linear interpolation of position and orientation
(8D)
Consider an interpolation of the dual quaternions 0qˆA1 and 0qˆA2.
sclerp(0qˆA1, 0qˆA2; t) = 0qˆA1
(
0qˆ−1A1 0qˆA2
)t
(D.9)
Displacement of the fixed frame 0 The dual quaternions with respect to a new fixed
frame 0′ are given by:
0′qˆA1 = 0
′qˆ0 0qˆA1, 0
′qˆA2 = 0
′qˆ0 0qˆA2. (D.10)
It is
sclerp(pˆqˆ1, pˆqˆ2; t) = pˆqˆ1
(
(pˆqˆ1)−1pˆqˆ2
)t
=
= pˆqˆ1
(
qˆ−11 pˆ−1pˆqˆ2
)t
= pˆ sclerp(qˆ1, qˆ2; t) (D.11)
Displacement of the moving frame A The dual quaternions of a new moving frame
B are given by:
0qˆB1 = 0qˆA1 AqˆB, 0qˆB2 = 0qˆA2 AqˆB. (D.12)
The following derivation is adapted from [83]. In this reference, it is shown that
exp
mˆ
 0
sˆ θˆ2
 mˆ−1
 = mˆ exp
 0
sˆ θˆ2
 mˆ−1 (D.13)
and that
log
(
mˆqˆmˆ−1
)
= mˆ log (qˆ) mˆ−1. (D.14)
Using these relations, it is:
sclerp(qˆ1pˆ, qˆ2pˆ; t) = qˆ1pˆ
(
(qˆ1pˆ)−1qˆ2pˆ
)t
=
= qˆ1pˆ exp
[
t · log
(
pˆ−1qˆ−11 qˆ2pˆ
)]
= qˆ1pˆ exp
[
t · pˆ−1 log
(
qˆ−11 qˆ2
)
pˆ
]
=
= qˆ1pˆpˆ−1 exp
[
t · log
(
qˆ−11 qˆ2
)]
pˆ = sclerp(qˆ1, qˆ2; t) pˆ (D.15)
Hence, sclerp is bi-invariant.
E. Cubic interpolation is independent
of coordinates
E.1. Cubic interpolation of position (3D)
It follows directly from the definition of CubBez3D (eq. (4.28)) and eq. (D.2) that
CubBez3D (d1 + p, a1 + p,b2 + p,d2 + p; t) = CubBez3D (d1, a1,b2,d2; t)+p. (E.1)
It is left to show that, when new reference frames are selected, the control points change
accordingly and the interpolation result is unaltered. Specifically, selecting dB1 = dA1+p
and dB2 = dA2 + p leads, according to (4.27) to the new control points:
aB1 = dB1 +
∆t1
3 v1 = aA1 + p
bB2 = dB2 − ∆t13 v2 = bA2 + p. (E.2)
With this result and eq. (E.1) it is shown that CubicBez3D is hence bi-invariant.
E.2. Cubic interpolation of orientation (4D)
It follows directly from the definition of CubBez4D (eq. (4.31)) and eqs. (D.6), (D.8)
that
CubBez4D (pq1,pqa,1,pqb,2,pq2; t) = p CubBez4D (q1,qa,1,qb,2,q2; t) ,
CubBez4D (q1p,qa,1p,qb,2p,q2p; t) = CubBez4D (q1,qa,1,qb,2,q2; t) p. (E.3)
We show that, when the fixed or the moving reference frame is rotated, the control
quaternions change such that these relations can be applied. Consider an interpolation
of the quaternions 0qA,1 and 0qA,2.
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Rotation of the fixed frame 0 With the new key quaternions:
0′qA1 = 0
′q0 0qA1, 0
′qA2 = 0
′q0 0qA2 (E.4)
the control quaternions simply change to
0′qa,A1 = 0
′q0 0qa,A1, 0
′qb,A2 = 0
′q0 0qb,A2 (E.5)
and left-invariance is shown with the first relation in (E.3).
Rotation of the moving frame A Orientations with respect to a new moving frame B
are given by:
0qB1 = 0qA1 AqB, 0qB2 = 0qA2 AqB. (E.6)
and the new control quaternion is for the outgoing curve, using eqs. (4.36) and (D.13):
0qa,B1 = 0qB1 exp
∆t1
3
 0
B1ω1
 =
= 0qB1 exp
∆t1
3
Aq−1B
 0
A1ω1
 AqB
 =
= 0qA1 exp
∆t1
3
 0
A1ω1
 AqB = 0qa,A1AqB (E.7)
Similarly, the new control quaternion for the curve approaching 0qB,2 is calculated from
eq. (4.37):
0qb,B2 = 0qB2 exp
−∆t1
3
 0
B2ω2
 = 0qb,A2AqB (E.8)
and right-invariance is shown with the second relation in (E.3).
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E.3. Cubic interpolation of position and orientation (8D)
The bi-invariance of CubBez8D is shown in the same way as in the previous paragraph.
Using eqs. (4.38), (D.11), (D.15) it is
CubBez8D (pˆqˆ1, pˆqˆa,1, pˆqˆb,2, pˆqˆ2; t) = pˆ CubBez8D (qˆ1, qˆa,1, qˆb,2, qˆ2; t) ,
CubBez8D (qˆ1pˆ, qˆa,1pˆ, qˆb,2pˆ, qˆ2pˆ; t) = CubBez8D (qˆ1, qˆa,1, qˆb,2, qˆ2; t) pˆ. (E.9)
Consider two key dual quaternions 0qˆA,1 and 0qˆA,2.
Displacement of the fixed frame 0 With the redefined key dual quaternions
0′qˆA,1 = 0
′qˆ0 0qˆA,1, 0
′qˆA,2 = 0
′qˆ0 0qˆA,2. (E.10)
the new control dual quaternions are given by
0′qˆa,A1 = 0
′qˆ0 0qˆa,A1, 0
′qˆb,A2 = 0
′qˆ0 0qˆb,A2 (E.11)
and left-invariance is shown with the first relation in eq. (E.9).
Displacement of the moving frame A The new key dual quaternions are
0qˆB,1 = 0qˆA,1 AqˆB, 0qˆB,2 = 0qˆA,2 AqˆB. (E.12)
The new control dual quaternions are given by eqs. (4.47), (4.47) and are treated in the
same way as their quaternion counterparts in eq. (E.7):
0qˆa,B1 = 0qˆB1 exp
−∆t1
3
 0
B1$B1
 = 0qˆa,A1AqˆB
0qˆb,B2 = 0qˆB2 exp
−∆t1
3
 0
B2$B2
 = 0qˆb,A2AqˆB. (E.13)
thereby showing right-invariance with the second relation in eq. (E.9).
It is helpful to investigate the following transformation that appears in the process:
Aqˆ−1B
 0
A1$A1
 AqˆB = Aqˆ−1B
 0
A1ω1 +  · A1vA1
 AqˆB. (E.14)
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According to eq. (4.15), the dual quaternion AqˆB consists of a translational and a
rotational part:
AqˆB = AqˆB,T AqˆB,R =
 1
1
2
A−→AB
 AqˆB,R. (E.15)
The rotational part consists of the four Euler parameters describing the rotational dis-
placement between frames A and B. Using this relation, it is
Aqˆ−1B
 0
A1$A1
 AqˆB =
= Aqˆ−1B,R
 1
−12 A
−→
AB
 0
A1ω1 +  · A1vA1
 1
1
2
A−→AB
 AqˆB,R =
= Aqˆ−1B,R

0
A1ω1 + 
(
A1vA1 + A1ω1 × A−→AB
)
︸ ︷︷ ︸
A1vB
 AqˆB,R =
 0
B1$B1
 . (E.16)
F. Normal vector to a planar curve
Consider a curve in its implicit representation F (x, y) = 0 (fig. F.1).
x
y
F(x,y)=0
Figure F.1.: A planar curve.
Its differential is
dF = ∂F
∂x
dx+ ∂F
∂y
dy = 0, (F.1)
from which it follows that
dy
dx
=
−∂F
∂x
∂F
∂y
,
∂F
∂y
6= 0. (F.2)
The tangent and normal vector to the curve are
t =
 1
dy
dx
· 1
 , n =
− dydx · 1
1
 . (F.3)
Eq. (F.2) inserted into eq. (F.3) yields
n =
dFdx
dF
dy
 . (F.4)
In case ∂F
∂y
= 0, the tangent and normal vector are defined as
t =
dxdy · 1
1
 , n =
 −1
dx
dy
· 1
 . (F.5)
